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Abstract: Affine W-algebra form a family of vertex algebras defined as
quantum Hamiltonian reductions of affine Kac-Moody algebras. They are
noncommutative and nonassociative algebras of infinite type, in one-to-one
correspondence with nilpotent orbits in simple Lie algebras. Any affine
Wh-algebra has an associative and finitely generated analogue, a finite W-
algebra. The algebraic properties of affine or finite W-algebra are related
to the geometric properties of some affine Poisson variety, a Slodowy slice.

Given a pair of nilpotent orbits, one can associate of a pair of (finite
or affine) W-algebras. In this thesis, under some compatibility conditions
on these orbits, we prove that one of these two W-algebras can be recon-
structed as the quantum Hamiltonian reduction of the other one. This
property is called reduction by stages. To prove reduction by stages for
We-algebras, we first prove reduction by stages for the pair of Slodowy
slices associated with the chosen pair of nilpotent orbits.

Reduction by stages for finite W-algebras is proved by introducing
filtrations on both W-algebras such that the associated graded algebras
coincide with the Poisson algebras of polynomial functions on the Slodowy
slices. As an application to to reduction by stages, we establish an ana-
logue of the Skryabin equivalence of categories for the modules over these
We-algebras.

For affine W-algebras, the quantum Hamiltonian reduction is a achieved
by the mean of BRST cohomology, implying new technical difficulties. We
need to prove that each W-algebra can be defined by using several equiv-
alent BRST cohomology constructions. Then, choosing the right BRST
construction allows us to connect the two affine W-algebras in a natural
way and deduce reduction by stages.

We provide several examples of compatible pairs of nilpotent orbits
for classical and exceptional simple Lie algebras. In type A, a fundamen-
tal example is when the chosen nilpotent orbits correspond to hook-type
partitions. As an application, we give a new interpretation of the Kraft—
Procesi isomorphisms between nilpotent Slodowy slices by using reduction
by stages. We explain our future project of applying reduction by stages
to prove isomorphisms of simple quotients of affine W-algebras that are
analogous to these Kraft—Procesi isomorphisms.
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Titre : Réduction par étapes pour les W-algébres et applications.
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BRST.

Résumé: Les W-algébres affines forment une famille d’algébres vertex
définies comme réductions hamiltoniennes quantiques d’algébres de Kac—
Moody affines. Ce sont des algébres non-commutatives et non-associatives,
indexées par les orbites nilpotentes des algébres de Lie simples. Toute W-
algébre affine a un analogue associatif et finiment engendré, une W-algébre
finie. Les propriétés algébriques d’'une W-algébre affine ou finie sont liées
aux propriétés géométriques d’une variété de Poisson affine, une tranche
de Slodowy.

Etant donnée une paire d’orbites nilpotentes, on peut considérer une
paire de W-algebres (finies ou affines). Dans cette thése, sous certaines
conditions de compatibilité entre ces orbites, nous démontrons que 1'une
de ces deux W-algébres peut étre reconstruite comme réduction hamiltoni-
enne quantique de 'autre. Ce procédé est dénommé réduction par étapes.
Pour établir la réduction par étapes pour les W-algébres, nous démontrons
d’abord que la réduction par étapes a lieu pour la paire de tranches de
Slodowy associée a la paire d’orbites nilpotentes que ’on a choisies.

La réduction par étapes pour les W-algébres finies est démontrée grace
al'introduction de filtrations sur les deux W-algébres telles que les algébres
graduées associées coincident avec les algébres de Poisson constituées des
fonctions polynomiales sur les tranches de Slodowy. Comme application
de la réduction par étapes, nous établissons un analogue de 1’équivalence
de catégorie de Skryabin pour les modules sur ces W-algébres.

Pour les W-algébres affines, la réduction hamiltonienne quantique est
réalisée au moyen de la cohomologie BRST, entrainant de nouvelles dif-
ficultés techniques. Nous devons établir que chaque W-algébre peut étre
définie en utilisant des constructions cohomologiques différentes mais équiv-
alentes. Choisir les bonnes constructions nous permet de relier naturelle-
ment les deux W-algébres et d’en déduire la réduction par étapes.

On produit plusieurs exemples de paires d’orbites nilpotentes compat-
ibles pour des algébres de Lie simples classiques et exceptionnelles. En
type A, un exemples fondamental est quand les orbites nilpotentes corre-
spondent a des partitions en équerre. En guise d’application, nous donnons
une nouvelle interprétation des isomorphismes de Kraft—Procesi entre des
tranches de Slodowy nilpotentes & 'aide de la réduction par étapes. Nous
expliquons notre futur projet d’appliquer la réduction par étapes a la dé-
monstration d’isomorphismes de quotients simples de W-algébres affines
qui sont analogues aux isomorphismes de Kraft—Procesi.
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1 - Introduction

1.1. Introduction (en frangais)

Les W-algébres affines forment une famille d’algébres vertex graduées con-
struites par réduction hamiltonienne quantique. Dans cette thése, nous étu-
dions une condition suffisante sur une paire de W-algébres affines pour s’assurer
que I'une d’entre elles peut étre reconstruite en tant que réduction hamiltoni-
enne quantique de I'autre. Cette propriété est appelée réduction hamiltonienne
par étapes, par analogie avec la géométrie symplectique [MNMO 07, Morlba,
Morl5b, GGJ24]. Nos principales motivations sont : établir des connections
entre des catégories de modules de diverses W-algébres, construire des plonge-
ments entre W-algébres ou des isomorphismes entre leurs quotients simples.

Chaque W-algébre affine est en relation avec une variété de Poisson affine,
la tranche de Slodowy associée, et avec une algébre associative unitaire, ap-
pelée W-algébre finie. La W-algébre finie est aussi une quantification de la
tranche de Slodowy. Notre stratégie est de démontrer la réduction par étapes
pour une paire des tranches de Slodowy et de relever ce résultat pour les W-
algébres finies et affines correspondantes en utilisant des filtrations sur elles.
Une grande partie de cette thése provient de deux articles écrits par I'auteur
en collaboration avec Naoki Genra [GJ24, (GJ25].

1.1.1. W-algébres affines

Les algébres vertex sont des structures algébriques qui ont été axiomatisées
par Borcherds [Bor86] pour démontrer la conjecture du Moonshine [FLME89,
Bor92|. Ce sont des algebres différentielles non-commutatives et non-associa-
tives, mais dont ’absence de commutativité et d’associativité est controlé par
les identités de Borcherds. Elles fournissent un cadre mathématique rigoureux
pour définir la partie chirale d’une théorie conforme des champs [BPZ81]. Les
algébres de Virasoro et les algébres de Kac—-Moody affines sont des exemples
d’algebres vertex.

Les W-algébres affines forment une famille importante d’algébres vertex
obtenues par réduction hamiltonienne quantique d’algébres de Kac—Moody
affines. Elles ont été introduites en physique théorique par Belavin, Polyakov
et Zamolodchikov pour généraliser les symétries de Virasoro en théorie con-
forme des champs de dimension 2 [BPZ84, Zam8&5|. Les W-algebres affines
généralisent a la fois les algebres de Lie de Virasoro et les algébres de Lie
de Kac—Moody affines, mais & cause de la non-linéarité dans les relations en-
tre leurs générateurs, elles ne sont pas engendrées par des algébres de Lie en
général [B593]. Les W-algebres affines jouent aussi un réle dans I’étude des
théories conformes des champs en dimension 4 grace a la dualité 4d/2d [BLL 15,
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Aral9, Aralg, SXY24], dans la correspondance AGT [SV13] ou le programme
de Langlands géométrique quantique [Fre07, AF19].

La W-algébre affine W¥(g, f) est une algébre vertex définie a partir de
la donnée d’une algébre de Lie complexe simple de dimension finie g, d’'un
élément nilpotent f dans g et d’'un nombre complexe k. Si f = 0, alors la W-
algébre correspondante est 1’ algébre vertex affine universelle V*(g) associée a g
et k, qui est 'analogue, en tant qu’algébre vertex, de ’algébre de Kac—Moody
affine g¢. L’algébre vertex affine universelle a été introduite par I. Frenkel
et Zhu [F792]. En général, W*(g, f) est construite en appliquant a ¥*(g) un

foncteur de cohomologie BRST, noté H(}:

WE(g, f) = H}(V*(g)).

La cohomologie BRST (Becchi—Rouet-Stora—Tyutin) a été développée par
Kostant et Sternberg [[<587] pour calculer des réductions hamiltoniennes dans
le cadre non-commutatif, en formalisant la méthode de quantification BRST
issues de la physique théorique. Rappelons qu’étant données l'action d’un
groupe de Lie sur une variété différentielle symplectique et une application
moment, on peut réaliser une réduction hamiltonienne, qui consiste & faire le
quotient, par I’action du groupe, de la fibre de zéro par I'application moment.
Sous certaines bonnes hypothéses, ce quotient a une structure naturelle de
variété différentielle symplectique [MW74]. La cohomologie BRST, appliquée
a lanneau des fonctions de la variété que ’on veut réduire, produit ’anneau
des fonctions de la variété réduite.

La construction BRST de #*(g, f) est due a Feigin et E. Frenkel [I'700]
pour f un élément nilpotent régulier (c’est-a-dire que son orbite adjointe est
dense dans le cone nilpotent) et & Kac, Roan et Wakimoto en général [[XRW03,
KKW04]. Ce sont les algébres enveloppantes affines universelles de certaines al-
gébres de Lie (conformes) non-linéaires [DSIK05] : cela signifie qu’elles sont
librement engendrées avec des relations non-linéaires entre les générateurs. En
général, ces générateurs et relations sont trés difficiles a calculer. Cela a été fait
quand f est un élément nilpotent minimal [[X\W04] ou pour des exemples en pe-
tits rangs (118, Fas22, Fas25]. Si g est sly et f n’est pas zéro, alors 1% (sly, f)
est une algébre vertex de Virasoro quand k + 2 # 0.

1.1.2. Réduction par étapes

Etant donnée l'action d’un groupe de Lie sur une variété symplectique,
quand le groupe contient un sous-groupe fermé normal, il est possible de réaliser
la réduction Hamiltonienne en deux étapes. On peut d’abord faire la réduction
Hamiltonienne par le sous-groupe normal (premiére étape). Puis, on peut con-
sidérer ’action induite du quotient des deux groupes sur la variété symplectique
réduite et refaire une réduction hamiltonienne (seconde étapes). Ce procédé
est appelé réduction hamiltonienne par étapes |[NINMOT07]. Sous de bonnes hy-
pothéses, la réduction hamiltonienne par le groupe ambiant et la réduction par
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étapes produisent la méme variété symplectique, & un isomorphisme naturel
pres.

Dans le contexte des W-algébres affines, cette construction a un analogue
naturel avec la cohomologie BRST. Soient fi, fo deux éléments nilpotents
dans g et notons O, O leur orbites adjointes. Supposons I'inclusion O; C Oy
de leurs adhérences de Zariski, et supposons que I’élément fy := fo — f1 est
nilpotent. On dit que la réduction par étapes a lieu pour la paire de W-
algébres associées s'il existe un foncteur de cohomologie BRST HS%O qui peut
étre appliqué a la premiére W-algébre affine pour obtenir la seconde, & un
isomorphisme naturel d’algébres vertex prés:

HG (105 (g, f1)) = W* (g, f2)-

Autrement dit, on a le triangle commutatif:

W (g, f1) w7 WE(g, fa)-
0
La réduction par étapes a été étudiée par Madsen et Ragoucy dans Iarticle
de physique théorique [MR97], quand lalgébre de Lie simple g est s, et les
éléments nilpotents f1, fo correspondent & des partitions en équerre, autrement
dit des partitions de la forme (a,1""%) ou 1 < a < n. Leur approche consiste
& démontrer I'isomorphisme

HY, (HY, (V% (g))) = HY, (V¥ (9))

en remarquant que le membre de droite est la cohomologie du complexe total
d’un complexe double, et que le membre de gauche est la seconde page de la
suite spectrale associée. Nous allons généraliser cette démarche.

Récemment, des réductions par étapes de W-algebres affines (aussi appelées
réduction partielles) ont été étudiées avec intensité en utilisant des réalisations
en champs libres des W-algébres affines développées dans [Gen20]. En général,
cette approche permet d’étudier la réduction par étapes avec sa réduction in-
verse associée. La réduction inverse consiste a « inverser » le foncteur de
cohomologie BRST HY, au sens ot on construit un plongement d’algébres ver-
tex

VH(g) — WH(g, f) ©c Dan,

ol on note @D, l'algébre vertex des opérateurs différentiels chiraux sur une
variété affine de la forme A™ xGJ2. Ces plongements sont des outils utiles pour
la théorie des représentations des W-algebres affines [Adal9; AKR21, ACG24].
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Cette idée se généralise a la réduction par étapes. Dans ce contexte, une
réduction inverse est un plongement de la forme

Wk(Q: fl) — Wk(ga f2) ®c Den-

Les réductions par étapes (inverses) ont été étudiées dans [Feh23, Feh24] en
type A pour des éléments nilpotents en équerre; dans [F'N23] en type B pour des
éléments nilpotents sous-régulier et régulier; dans [CFLN24] en type A et pe-
tits rangs; dans |F'F'FN24] pour g = sly et toute paire ordonnée d’orbites nilpo-
tentes; et dans [F'IXN24] en type classique pour Hy, une réduction de type Vira-
soro. D’apres [But23, Section 5], les réductions par étapes inverses en type A
pourraient découler de la description des W-algébres affines commes des al-
gébres vertex associées a un diviseur dans une 3-variété de Calabi—Yau [But23,
Theorem 5.9].

1.1.3. Techniques de quantification

Etant donnée une algébre non-commutative avec une filtration, il arrive
souvent que l’algébre graduée associée soit commutative et équipée d’un cro-
chet de Poisson hérité du crochet non-trivial de I’algébre filtrée. Alors ’algébre
graduée est I'algébre des fonctions sur une variété de Poisson affine (ou plus
généralement un schéma) avec une action du groupe multiplicatif G, [BPW16].
On dit alors que I'algébre non-commutative est une quantification du schéma de
Poisson affine. Une grande idée de la théorie géométrique des représentations
est que l'algébre filtrée et sa théorie des représentations peuvent étre mieux
comprises en étudiant les propriétés géométriques de ce schéma de Poisson.

Un exemple classique de quantification est 'anneau des opérateurs dif-
férentiels sur une variété holomorphe, qui quantifie ’espace cotangent de cette
variété. Plus généralement, tout D-module est connecté a la géométrie d’une
sous-variété de l'espace cotangent, appelée variété caractéristique de ce D-
module [Bor87, Kas03]. Si D(A"™) est l'algébre des opérateurs différentiels
algébriques sur l'espace affine A", elle est filtrée par l'ordre des opérateurs
différentiels et 1'algébre graduée gr@(A™) est une algébre commutative de
Poisson isomorphe a ’algébre des fonctions sur 'espace cotangent T*A™.

Un autre exemple, plus proche des motivations de cette thése, est 'algébre
universelle enveloppante U(g) d’'une algébre de Lie complexe de dimension
finie g. Par le théoréme de Poincaré-Birkhoff-Witt, cette algébre est filtrée
et quantifie I'espace dual g* équipé de la structure de Poisson de Kirillov—
Kostant. Si g est simple, d’aprés les travaux de Joseph, les représentations
irréductibles de plus haut poids de g sont des quantifications des adhérences
d’orbites nilpotentes dans g* [Jos85].

Il a été établi par Li que toute algébre vertex est équipée d’une filtration
naturelle telle que 'algébre graduée associée est une algébre différentielle com-
mutative avec une structure de Poisson vertex [Li05]. Arakawa a montré que
pour tout schéma de Poisson affine, 'algébre des fonctions de ’espace des arcs
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associé est aussi équippée d’une structure de Poisson vertex [Aral2]. Suivant
les idées de Zhu, il a défini le schéma associé X d’une algébre vertex (finiment
engendrée) ©. En général, gr' ¢ est un quotient de C[JooXy], 'algébre des
fonctions de 'espace des arcs du schéma associé.

Par exemple, pour I’algébre vertex affine universelle V¥ (g), I’algébre graduée
associée gr V¥ (g) est isomorphe a l'algébre des fonctions sur l'espace des
arcs Joog* de g* en tant qu’algebres de Poisson vertex. Notons L3 (g) l'unique
quotient simple gradué de V*(g), appelé algebre verter affine simple. Si le
nombre complexe k est admissible (voir la section 6.3.3 pour des exemples en
type A), alors le schéma réduit associé a X Li(g) €st adhérence d’une orbite
nilpotente qui dépend du niveau k, notée Oy [Aralb].

1.1.4. Tranches de Slodowy et W-algébres finies

Il a été établi que la filtration de Li relie les W-algébres affines aux espaces
des arcs de certaines variétés affines, les tranches de Slodowy, qui ont été in-
troduites par Slodowy pour étudier les singularités des adhérences des orbites
nilpotentes dans une algébre de Lie simple g [Slo06]. A tout élément nilpo-
tent f, on peut associer une tranche de Slodowy Sy qui est un sous-espace affine
de g* transverse a n’importe quelle orbite co-adjointe qu’elle intersecte. Cette
transversalité fait que Sy a une structure de Poisson induite par les structures
symplectiques sur les orbites.

Gan et Ginzburg ont démontré que la structure de Poisson sur Sy peut
aussi étre construite par réduction hamiltonienne de g* [G(G02]. Le groupe
agissant N est un groupe unipotent dont l'algébre de Lie n est une sous-
algebre de la partie positive d'une graduation g = @scz 85 qui est bonne
pour f au sens de [[NI<05, BGOT7]. Leur construction est une réinterprétation et
la suite des résultats de Premet, qui a construit la structure de Poisson sur les
tranches de Slodowy comme induite par le crochet de la W-algébre finie corre-
spondante [Pre02]. Ces résultats généralisent ceux obtenus par Kostant dans
le cas d’un élément nilpotent régulier [[Kos78] et par Lynch pour les éléments
nilpotents pairs [Lyn79].

La W-algébre finie U(g, f) correspondante a d’abord été étudiée par Kostant
pour un élément nilpotent régulier f [I[<os78], puis Premet a fourni une con-
struction en général par réduction hamiltonienne quantique [Pre02]. Premet
a aussi défini une filtration telle que gr U(g, f) est une algébre commutative
isomorphe & C[S¢]. Gan et Ginzburg ont prouvé que cet isomorphisme est
compatible avec les structures de Poisson des deux cdtés, donc la W-algébre
finie quantifie la tranche de Slodowy. Cela a été généralisé au cadre des bonnes
graduations par Brundan et Goodwin dans [BG07], et par Sadaka aux gradu-
ations admissibles [Sad16].

La tranche de Slodowy est liée a la W-algébre affine car gr' (0% (g, f)
et C[JooSy] sont isomorphes en tant qu’algébres de Poisson vertex [DSK06,
Aral5]. Cette relation a été beaucoup utilisée pour étudier la structure et la

19



Figure 1.1

Vk(g) ———— ClJxg’] Wk (g, f) ———— C[J5)]
Zhu Zhu Zhu Zhu
U(g) ———F— Clg"] U(g, f) ———5— CI[5]

théorie des représentations de la W-algebre affine, voir [Arald, AMI18, AvEN24,
AM25].  Les W-algébres affine et finie sont reliées par la construction de
l'algébre de Zhu [Ara07, DSKO06]. Nous donnons un apergu de toutes ces al-
gébres et leurs relations dans la figure 1.1, ot les fléches en pointillés représen-
tent des quantifications.

Le probléme de réduction par étapes pour les tranches de Slodowy et les
W-algébres finies a été d’abord étudié par Morgan dans sa thése de doc-
torat [Morlba, Morl5b|. Soient fi, fo deux éléments nilpotents dans g et
notons O1, Oy leurs orbites adjointes. Supposons l'inclusion O C O3 et sup-
posons que fy := fo — f1 est nilpotent. Il a été conjecturé par Morgan que le
triangle suivant est commutatif [Morl5h, Objective 3.6] :

HO

N

U(g, f1) ﬁ U(g, f2),

avec une conjecture analogue pour les tranches de Slodowy.

En fait, Morgan a découvert qu’il faut imposer certaines conditions sur les
éléments nilpotents fi, fo pour établir la réduction par étapes. En type A,
pour toute paire d’orbites nilpotentes adjacentes pour 'ordre des adhérences,
il a construit un groupe Ny avec une action hamiltonienne sur la tranche de
Slodowy Sy, qui satisfait ces conditions. Il a alors conjecturé que la réduction
hamiltonienne résultante est isomorphe a la tranche de Slodowy Sy,, ce qu’il a
démontré dans des cas particuliers (orbites sous-réguliére et réguliére) et pour
quelques exemples de bas rang : voir [Mor15h, Conjecture 3.13] et le développe-
ment écrit juste aprés. Mentionnons que la réduction par étapes apparait aussi
dans le contexte des tranches dans la grassmanienne affine [[<PW22], dont on
sait qu’elles sont liées aux tranches de Slodowy en type A par I'isomorphisme
de Mirkovi¢—Vybornov [MV07].
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1.1.5. Contributions de cette thése

Soit g une algébre de Lie simple et h une sous-algébre de Cartan de g.
Pour ¢ = 1,2, soit H; dans h tel que la graduation associée

o=@, on o) ={zreg|[H,1| =0z},
0EZ

soit une bonne graduation (Définition 2.2.1.3) pour I’élément nilpotent f;.
Puisque [H;, Ha] = 0, on obtient une bi-graduation
N 1 2
g= @ 961,00 OU  g61,60 = 9551) N g((SQ)
01,02€7Z

Posons fy = fo — f1. Nos conditions suffisantes pour la réduction par étapes
sont définies par :

2 2
1 2 1 1 2
Gcelcal), o’ c@ois o € Posi,
6=0 6=0
fo € go,—2-

Voir la table 1.1 pour des exemples ot les conditions (%) sont vérifiées. On
donne aussi ’exemple suivant comme fil rouge.

Ezemple (Exemples 2.3.1.5 et 6.2.1.5). Prenons g = sly. On considére les
éléments nilpotents

respectivement dans les orbites associées aux diagrammes de Young suivants :

Alors les conditions (%) sont vérifiées pour fi et fo.

Les conditions (%) sont introduites dans [GJ25]. Ces conditions impliquent
l'inclusion O € Oy des adhérences des orbites nilpotentes (Proposition 2.3.2.2).
On peut construire un groupe Ny (Proposition 2.3.1.1), une action de Ny sur

la tranche de Slodowy S, et une application moment pg : Sy — np*, ot ng
désigne 'algébre de Lie de Ny, tels que le théoréme suivant soit vérifié.

Théoréme 1 (|GJ24, Theorems 1 and 2|, Théoréme 2.3.3.3). Si les condi-
tions () sont vérifiées, alors:
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1. Uaction de Ny induit un isomorphisme No x Sy, = 1g~1(0) qui est No-
équivariant, ot le membre de gauche est équipé de l’action par multipli-
cation a gauche sur Ny,

2. on a un isomorphisme de Poisson
Sp, = po~ ' (0)//No.

Il y a un plongement d’algébres de Lie ng — U(g, f1) (Lemme 4.3.1.2).
On peut donc considérer la réduction hamiltonienne quantique de U(g, f1)
par rapport a l'action de Ny. En introduisant des filtrations sur ces objets
non-commutatifs, nous pouvons utiliser le théoréme 1 pour établir le résultat
suivant.

Théoréme 2 (|G.J24, Theorem 3|, Théoréme 4.3.1.3). Si les conditions (%)
sont vérifiées, alors la réduction hamiltonienne quantique de U(g, f1) par rap-
port & laction de Ny est isomorphe a U(g, f2) en tant qu’algébres.

Le théoréeme 2 découle du théoréme 1 en introduisant des filtrations bien
choisies sur U(g, f1) et U(g, f2). En guise d’application, nous obtenons un
analogue de ’équivalence de Skryabin [Skr02]. En effet, I’élément nilpotent fj
définit un caractére X, de np, donc a une notion bien définie de catégorie des
U(g, f1)-modules de Whittaker, notée Whq : ce sont les U(g, f1)-modules a
gauche V tels que pour tout x dans ng, 4 X ()1 agit localement de maniére
nilpotente. On a I’équivalence de catégories suivante.

Théoréme 3 (|J24, Theorem 4|, Proposition 4.4.3.3). On a I’équivalence de
catégories

T
Who ~  U(g, f2)-Mod.

~_

En fait, nous généralisons les arguments de [GG02] pour démontrer un

analogue de l’équivalence de Skryabin dans un cadre trés général, voir le
théoréeme 4.4.2.2.
Remarque. L’étude des foncteurs de I’équivalence dans le théoréme 3 a été pour-
suivie par Masut dans [Mas25]. Elle a démontré que I’équivalence est équivari-
ante par rapport a des bi-actions d’une sous-catégorie monoidale de U(g)-Mod
sur les catégories Why et U(g, f2)-Mod.

Le théoréme 1 implique le méme énoncé pour les espaces des arcs des
variétés en jeu (Théoréme 5.3.2.1). Cet énoncé a un analogue non-commutatif
pour les W-algébres affines qui quantifient ces espaces des arcs.

Théoréme 4 (|GJ25, Theorem 1|, Théoréme 6.2.1.3). Si les conditions (%)
sont vérifiées, alors il y a un complexze de co-chaines BRST C% (W¥(g, f1))
dont la cohomologie est isomorphe a W¥*(g, f2) en tant qu’algébres vertex :

H* (GJ:O (Wk(ga fl))) = de—o wk(g, f2)
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Exemples (Chapitre 3). Le théoréme 4 est vrai dans les cas décrits dans la
table 1.1 parce que les conditions (%) sont alors vérifiées. Par convention, les
partitions qui indexent les orbites nilpotentes en types classiques sont représen-
tées par des suites décroissantes. La colonne « Référence » donne la premiére
occurrence dans la littérature de chaque réduction par étapes.

Table 1.1: Exemples de réductions par étapes

’ g H fi H fo H Référence ‘
type A équerre équerre [ , ]
partition de 4 : || partition de 4 :
e As (2,1 (2.2) [CFL24
partition de n : || partition de n :
type A,_1 (a1, ... ,a,_1 (a1, ... ,a,_1 nouveatt
Qr, 1p) ar + 1a 1p—1) pout >3
type B sous-régulier régulier | |
tition de r : :
type C, par lzlogr_f " régulier nouveau
(25,17
; G classe de soull
e ~ régulier nouveau
ype 2 Bala-Carter A, &

Pour établir le théoréme 4, nous démontrons deux résultats importants qui
ont leur intérét en soi. Le premier est la définition d’un nouveau complexe
BRST, noté é}Q(Uk(g)), pour reconstruire la W-algébre 10%(g, f2), avec un
plongement

Ct, (W (g, /1)) — CL,(V"(@)).
Dés lors, cela induit un homomorphisme d’algébres vertex

© : H°(C}, (W*(g, f1))) — HO(C,(V*(9)))-

Théoréme 5 (| , Theorem 2|, Théoréme 6.2.3.7). La cohomologie du com-
pleze C}, (V*(g)) est isomorphe & la W-algebre affine W*(g, fo) :

H* (C3,(V(9))) = doo WE (g, f2).

Remarque. Le théoréme 5 peut étre comparé aux travaux de | | parce qu’il
fournit des exemples de constructions de W-algébres affines qui ne reposent pas
sur des bonnes graduations, contrairement aux constructions habituelles | ,

) ’ ]

Dés lors on obtient un homomorphisme d’algébres vertex
0+ H(C5, (W (g, 11))) — W (g, f2).
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Pour en déduire le théoréme 5, c¢’est-a-dire pour prouver que I’homomorphisme
d’algébres vertex © est un isomorphisme, nous devons utiliser la filtration de
Li et le théoréme 1. L’application graduée associée gr © est un isomorphisme
en conséquence de la réduction par étapes pour les tranches de Slodowy asso-
ciées Sy, , Sy, et leurs espaces des arcs. La filtration de Li n’est pas une filtra-
tion compléte sur les complexes de co-chaines BRST, on a donc un probléme
de convergence. Pour les surpasser, on utilise une généralisation de [ANM25,
Theorem 9.7].

Théoréme 6 (|J25, Theorem 3|, Théoréme 5.3.5.1). Soit (C*,d) un complexe
de co-chaines BRST d’algébres vertex. Supposons que quelques conditions tech-
niques soient vérifiées, telles l'existence de certaines graduations et des bonnes
propriétés géométriques pour avoir ['annulation de la cohomologie du compleze
de co-chaines gradué associé (gr™ C®, gr ¢).

Alors, la cohomologie s’annule hors du degré 0 :

H*"(C*,d) =0 pour n #O0.
En degré 0 on a un isomorphisme naturel
gr HO(C*,0) = HO(gr™ C%, gt 0),

ot la filtration F sur la cohomologie HO(C® d) est induite par la filtration de
Li sur le compleze (C®,d).

Le théoréme 6 est vérifié pour tous les complexes mentionnés jusqu’a présent,
nous permettant de montrer le théoréme 5, et donc le théoréme 4.

Remarque. Une autre conséquence de ce théoréme est que toutes les construc-
tions possibles de #W*(g, f) par cohomologiec BRST sont équivalentes : voir le
théoréme 6.1.2.6 ou la remarque avant le théoréme 9.7 dans [AM25]. La démon-
stration s’inspire de [AKN15], ou I’équivalence des définitions est démontrée
pour les W-algébres h-adiques (g, f)7.

1.1.6. Motivations et futurs travaux
Notre prochain objectif est d’étendre la réduction par étapes a tout module
dans la catégorie de Kazhdan-Lusztig KL*(g) (Conjecture 6.3.1.2), c’est-a-dire
construire un isomorphisme

H} oH} (M)~ HY, (M)

pour tout ¥*(g)-module M dans KL¥(g). Un tel résultat sera un moyen efficace
de construire des homomorphismes entre W-algébres.

Il a 6té établi dans [[XRW03] que chaque W-algébre affine /% (g, f) contient
une sous-algébre isomorphe & une algébre universelle affine, notée ¢ (a) (voir
la proposition 6.1.4.1). Si la réduction par étapes a lieu dans une catégorie de
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modules suffisamment grosse, alors pour un élément nilpotent fy dans a nous
pouvons appliquer le foncteur Hg)co au plongement

V(@) — W, f),
et en déduire un plongement de W-algébres affines (voir la conjecture 6.3.3.1) :
(1.1.6.1) Wa, fo) < Wh(g, f + fo).

Le plongement (1.2.6.1) est important parce que pour des valeurs partic-
ulieres de k (et de (), il induit des isomorphismes entre les quotients simples
de ces W-algébres affines (Conjecture 6.3.3.3)

We(a, fo) = We(g, f + fo).

Le niveau k is alors dit d’effondrement. Le fait pour un niveau k d’étre
d’effondrement a des conséquences intéressantes pour la théorie des représen-
tations de V¥(g) et de son quotient simple L%(g) [AKMET20, AFP22]. Clest
aussi lié & des coincidences entre des réalisations par des algébres vertex de
théories conformes des champs en dimension 4 par la dualité 4d/2d.

En guise de derniére motivation, mentionnons qu’en type A, on a conjecturé
que les réductions hamiltoniennes quantiques correspondant a des éléments
nilpotents en équerre permettent de reconstruire n’importe quelle W-algébre
affine (Conjecture 6.3.2.1). Pour appuyer cette conjecture, nous en démontrons
I'analogue pour les tranches de Slodowy (Théoréme 6.3.2.3). Si la réduction
par étapes est vérifiée dans la catégorie de Kazhdan—Lusztig, on doit pouvoir
imiter la démonstration dans le cadre non-commutatif.

1.2. Introduction (in English)

Affine W-algebras form a family of graded vertex algebras constructed by
quantum Hamiltonian reduction. In this thesis, we study a sufficient condi-
tion on a pair of affine W-algebras to ensure that one of them can be re-
constructed as the quantum Hamiltonian reduction of the other one. This
property is called Hamiltonian reduction by stages, by analogy with symplectic
geometry [MMO 07, Morl5a, Morl5h, GJ24]. Our main motivations for such
results are: establishing connections between categories of modules of various
We-algebras, constructing embeddings between W-algebras or isomorphisms
between their simple quotients.

Each affine W-algebra is related to some affine Poisson varieties, the cor-
responding Slodowy slice, and to some associative unital algebra, called finite
We-algebra. The finite W-algebra is also a quantisation of the Slodowy slice.
Our strategy is first to prove reduction by stages for a pair of Slodowy slices
and lift this result for the corresponding finite and affine W-algebras by using
relevant filtrations on them. This thesis is mainly based on two articles written
by the author in collaboration with Genra [G.J24, GJ25].
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1.2.1. Affine W-algebras

Vertex algebras are algebraic structures that were first axiomatised by
Borcherds [Bor86] to prove the Moonshine Conjecture [FLME9, Bor92]. They
are noncommutative and nonassociative differential algebras, but the lack of
commutativity and associativity is controlled by the Borcherds identities. They
provide a rigorous mathematical framework to define the chiral part of a two-
dimensional conformal field theory [BPZ81]. Virasoro algebras and affine Kac—
Moody algebras are examples of vertex algebras.

Affine W-algebras form an important family of vertex algebras obtained
as quantum Hamiltonian reductions of affine Kac—-Moody algebras. They were
introduced in theoretical physics by Belavin, Polyakov and Zamolodchikov as
generalisations of the Virasoro symmetries in conformal field theories of di-
mension 2 [BPZ84, Zam&5]. Affine W-algebras generalise both Virasoro Lie
algebras and affine Kac—Moody Lie algebras, but because of the nonlinearity
in the relations between their generators, they are not generated by Lie al-
gebras in general [3593]. Affine W-algebras play also a role in the study of
four-dimensional conformal field theory by the 4d/2d-duality [BLL " 15, Aral9,
Aralg, SXY24], in the AGT correspondence [SV13] or the quantum geometric
Langlands program [Fre07, AF19].

The affine W-algebra #W*(g, f) is a vertex algebra defined from the data
of a finite-dimensional simple complex Lie algebra g, a nilpotent element f
in g and a complex number k. If f = 0, then the corresponding affine W-
algebra is the universal affine vertex algebra V*(g) associated with g and k,
that is a vertex algebra analogue of the affine Kac-Moody algebra gF. The
universal affine vertex algebra was introduced by I. Frenkel and Zhu [F7Z92].
In general, W*(g, f) is constructed by applying a BRST cohomology functor,
denoted by H(}, to VF(g):

W*(g, f) = H}(V*(g)).

The BRST (Becchi—-Rouet-Stora—Tyutin) cohomology was developed by
Kostant and Sternberg to compute Hamiltonian reduction in the noncommuta-
tive setting [[{587], formalising the BRST quantisation methods from theoreti-
cal physics. Recall that given an action of a Lie group on a symplectic manifold
and a moment map, one can perform Hamiltonian reduction, which consists in
taking the quotient of the zero-fibre of the moment map by the action of the
group. Under good assumptions, this quotient has a natural symplectic man-
ifold structure [MW74]. BRST cohomology, applied to the ring of functions
of the manifold to be reduced, computes the ring of functions of the reduced
manifold.

The BRST construction of 1#*(g, f) is due to Feigin and E. Frenkel [FF90]
when f is a regular nilpotent element (meaning that its adjoint orbit is dense
in the nilpotent cone) and by Kac, Roan and Wakimoto in general [[XRW03,
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IKWO04]. They are the universal affine enveloping algebras of nonlinear (con-
formal) Lie algebras [DSIK05]: that means it is finitely freely generated with
nonlinear relations between the generators. In general, these generators and
relations are very difficult to compute. It has been done when f is a minimal
nilpotent element [[X\W04] or for small rank examples [CL18, Fas22, Fas25].
If g is sly and f is nonzero, then ¥ (sly, f) is a Virasoro vertex algebra when-
ever k+ 2 # 0.

1.2.2. Reduction by stages

Given the action of a Lie group on a symplectic manifold, when the group
contains a closed normal subgroup, the Hamiltonian reduction can be per-
formed in two stages. One can first take the Hamiltonian reduction by this
normal subgroup (first stage). Then, one can consider the induced action of
the quotient of the two groups on the reduced symplectic manifold and per-
form Hamiltonian reduction again (second stage). This procedure is called
Hamiltonian reduction by stages [MNOT07]. Under good assumptions, the
Hamiltonian reduction by the ambient group and the reduction by stages pro-
duce the same symplectic manifold, up to a natural isomorphism.

In the setting of affine W-algebras, this construction has a natural vertex
algebra analogue. Let f1, fo be two nilpotent elements in g and denote their
adjoint orbits by O, Os. Assume the inclusion O; C Oy of their Zariski
closures and assume that the element fy := fo — f1 is nilpotent. We say
that reduction by stages holds for the corresponding pair of affine W-algebras
if there exists a BRST cohomology functor H?co that can be applied to the
first W-algebra to get the second one, up to a natural isomorphism of vertex
algebras:

HY (WF (g, f1)) = WH(g, f2).

In other words, we have the commutative triangle:

H(;/Uk(g)\m;

W (g, f1) T W (g, fa)-
0
Reduction by stages was studied by Madsen and Ragoucy in the theoretical
physics paper [MR97], when the simple Lie algebra g is sl,, and the nilpotent
elements f1, fo correspond to hook-type partitions, that is to say partitions of
the form (a,1" %) for 1 < a < n. Their approach consists in proving the
isomorphism

HY, (HY, (V% (g))) = HY, (V¥ (9))

by noticing that the right-hand side cohomology is the total cohomology of
a double cochain complex, and the left hand-side is the second page of the
associated spectral sequence. We will generalise this approach.
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Recently, reductions by stages of affine W-algebras (also called partial re-
ductions) were intensively studied by using the free-field realisations of affine
W-algebras developed in [Gen20]. In general, this approach allows to study
a reduction by stages with its associated inverse reduction. Inverse reduc-
tion consists in “inverting” the BRST cohomology functor H(} in the sense of
constructing a vertex algebra embedding

V¥ (g) — W(g, f) ®c Den,

where @, denotes the vertex algebra of chiral differential operators on an
affine variety of the form A™ x GJ2. These embeddings are useful tools for
the representation theory of affine W-algebras [Adal9, AKR21, ACG24]. This
can be generalised to reduction by stages. In this context, an inverse reduction
is an embedding of the form

Wk(gv fl) — Wk(ga f2) ®c CDch-

(Inverse) reductions by stages were studied in [Feh23, Feh24] for type A
and hook-type nilpotent elements; in [FN23] for type B and subregular, regular
nilpotent elements; in [CFLN24] for type A in small ranks; in [FFFN24| for
g = sly and any ordered pair of nilpotent orbits; and in [FIXN24] for g a classical
type and Hy, being a Virasoro-type reduction. According to [B3ut23, Section 5|,
inverse reductions by stages may be obtained by using the description of affine
We-algebras in type A as vertex algebras associated with a divisor in a Calabi—
Yau threefold [B3ut23, Theorem 5.9].

1.2.3. Quantisation techniques

Given a noncommutative algebra with a filtration, it often happens that
the associated graded algebra is commutative, with a Poisson bracket inherited
from the nonzero bracket on the filtered algebra. Then the graded algebra is the
algebra of functions on an affine Poisson variety (or more generally a scheme)
with an action of the multiplicative group Gy, [BPW16]. One says that the
noncommutative algebra is a quantisation of the affine Poisson scheme. A great
idea of geometric representation theory is that the filtered noncommutative
algebra and its representation theory can be better understood by studying
the geometric properties of this Poisson scheme.

A classical example of quantisation is the ring of differential operators
on a complex manifold, that quantises the cotangent space of this manifold.
More generally, any D-module is related to the geometry of a subvariety of
the cotangent space, called the characteristic variety of this D-module [Bor&7,
Kas03]. If D(A™) is the algebra of algebraic differential operators on the affine
space A", it is filtered by the order of the differential operators and the graded
algebra gr W (A™) is a commutative Poisson algebra that is isomorphic to the
algebra of functions on the cotangent space T*A™.
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Another example, more related to the motivations of this thesis, is the
universal enveloping algebra U(g) of a finite-dimensional complex Lie algebra g.
By the Poincaré—Birkhoff-Witt Theorem, this algebra is filtered and quantises
the dual space g* equipped with its Kirillov—-Kostant Poisson structure. If g is
simple, by the work of Joseph, the irreducible highest weight representations
of g are quantisations of nilpotent orbits closures in g* [Jos&85].

It was established by Li that any vertex algebra is equipped with a natural
filtration such that the associated graded algebra is a commutative differential
algebra with a Poisson vertex structure [[.i05]. Arakawa proved that for any
affine Poisson scheme, the algebra of functions of the corresponding arc space
is also equipped with a Poisson vertex structure [Aral2]. Following the ideas of
Zhu, he also defined the associated scheme Xy of a (finitely generated) vertex
algebra ¢/. In general, gr'™ ¢ is a quotient of C[Jo, X¢], the algebra of functions
on the arc space of the associated scheme.

For example, for the universal affine vertex algebra *(g), the associated
graded algebra gr' V% (g) is isomorphic to the algebra of functions on the arc
space Joog® of g* as a Poisson vertex algebra. Denote by £j(g) the unique
simple graded quotient of V*(g), called the simple affine vertex algebra. If
the complex number k is admissible (see Section 6.3.3 for examples in type A),
then the reduced scheme associated to X p, (4) is the closure of a nilpotent orbit
depending on the level k, denoted by Oy [Aralf].

1.2.4. Slodowy slices and finite W-algebras

It has been proved that the Li filtration relates affine W-algebras to the
arc spaces of some affine varieties, the Slodowy slices, that were introduced by
Slodowy to study singularities of closures of nilpotent orbits in a simple Lie
algebra g [S1o06]. To any nilpotent element f, one can associate a Slodowy
slice Sy that is an affine subspace of g* that is transverse to any coadjoint
orbits intersected by the slice. This transversality implies that Sy inherits a
Poisson structure from the symplectic structures on the orbits.

Gan and Ginzburg proved that the Poisson structure on Sy can also be
constructed by Hamiltonian reduction of g* [G(G02]. The acting group N is a
unipotent group whose Lie algebra n is a subalgebra of the positive part of a
grading g = @j;cz 95 that is good for f in the sense of [[K1X05, BGOT]. Their
construction is a reinterpretation and a continuation of Premets’s results, who
constructed the Poisson structure on Slodowy slices as induced by the bracket
of the corresponding finite W-algebra [Pre02]. These results generalised the
ones obtained by Kostant for a regular nilpotent element [[<0s78] and by Lynch
for even nilpotent elements [Lyn79)].

The corresponding finite W-algebra U(g, f) was first studied by Kostant
for a regular nilpotent element f [Kos78], and then Premet gave a general con-
struction by quantum Hamiltonian reduction [Pre02]. Premet also introduced
a filtration such that gr U(g, f) is a commutative algebra isomorphic to C[Sy].
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Figure 1.2

Vk(g) —Z s Cllwg?]  Wg, f) —E— ClJuS)]
Zhu Zhu Zhu Zhu
U(g) ———— Clg"] U(g, f) ———— C[5j]

Gan and Ginzburg proved that this isomorphism is compatible with Poisson
structures on both sides, so the finite W-algebra quantises the Slodowy slice.
This was generalised to the setting of good gradings by Brundan and Goodwin
in [BGO7], and by Sadaka to admissible gradings [Sad16].

The Slodowy slice is related to the affine W-algebra because gr' 1% (g, f)
and C[JSy| are isomorphic as Poisson vertex algebras [DSIK06, Aral5]. This
relation has been used a lot to study the structure and representation theory
of the affine W-algebra, see [Arals, AMIS, AvEN24, AM25]. Affine and finite
W-algebras are related by the Zhu algebra construction [Ara07, DSK06]. We
summarise all these algebras and their relations in Figure 1.2, where the dashed
arrow represent quantisations.

The problem of reduction by stages for Slodowy slices and finite W-algebras
was first studied by Morgan in his PhD thesis [Morl5a, Morl5b]. Let fi, fo
be two nilpotent elements in g and denote by O1, Oy their adjoint orbits in g.
Assume the inclusion O; € O, and that the element fo = fo — f1 is nilpo-
tent. Morgan conjectured that the following triangle is commutative [Mor15h,
Objective 3.6]:

u(gv fl) T u(ga f2>7
fo

and he conjectured the analogue result for Slodowy slices.

In fact, Morgan found out that stronger conditions should be assumed on
the nilpotent elements fi, fo to construct reduction by stages. In type A, for
any pair of nilpotent elements whose orbits are adjacent for the closure order-
ing, he provided a general construction of a group Ny, with a Hamiltonian ac-
tion on the Slodowy slice Sy, , satisfying these conditions. He conjectured that
the resulting Hamiltonian reduction is isomorphic to the Slodowy slice Sy,, and
he proved it for a particular case (subregular and regular orbits) and for more
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examples in small ranks: see [Morl5h, Conjecture 3.13| and the development
written just after. Let us mention that reduction by stages also appears in the
context of slices in the affine Grassmaniann [[XPW22], that are known to be
related to Slodowy slices in type A under the Mirkovié—Vybornov isomorphism

[MVO07].
1.2.5. Contributions of this thesis

Let g be a simple Lie agebra and § be a Cartan subalgebra of g. For i = 1,2,
let H; be in h such that the associated grading
9=@a’, where g ={a g [Hia] = ba},
0€Z
is a good grading (Definition 2.2.1.3) for the nilpotent element f;.
Since [Hy, Ha] = 0, one gets a bigrading
1 2
g= @ 95,6, Where g5, 5, = 9((;1) ﬂgE;Q)-
61,020€Z

Set fo = fo — f1. Our sufficient conditions for reduction by stages are defined
by:

2 2
1 2 1 1 2
oy co® cal), o C@Pas o € Posi,

Jfo € go,—2.
See Table 1.2 for examples for which Conditions (s ) hold. We also give the
following example as a guideline.

Ezample (Examples 2.3.1.5 and 6.2.1.5). Take g = sl4. Consider the nilpotent
elements

(%)

0 0

1= 0 and fy = 1 0
1 0 1 0

respectively in the orbits associated to the following Young diagrams:

Then Conditions (%) holds for f; and fo.

The conditions (%) are introduced in [G.J25]. These conditions imply the
inclusion O; C Oy of nilpotent orbits closures (Proposition 2.3.2.2). One can
construct a group Ny (Proposition 2.3.1.1), an action of Ny on the Slodowy S,
and a moment map po : Sy, — ng*, where ng denotes the Lie algebra of Np,
such that the following theorem holds.
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Theorem 1 ([GJ24, Theorems 1 and 2|, Theorem 2.3.3.3). If Conditions (%)
hold, then:

1. the action of No induces an isomorphism No x Sg, = po~1(0) that is
Ny-equivariant, where the left-hand side is equipped with the action by
left multiplication on Ny,

2. there is a Poisson isomorphism
Sp, 2 po~"(0)//No.

There is a Lie algebra embedding ng — U(g, f1) (Lemma 4.3.1.2). So it
makes sense to consider the quantum Hamiltonian reduction of U(g, f1) with
respect to the action of Ny. By introducing filtrations on these noncommuta-
tive objects, we can use Theorem 1 to establish the following result.

Theorem 2 ([J24, Theorem 3|, Theorem 4.3.1.3). If Conditions (%) hold,
then the quantum Hamiltonian reduction of U(g, f1) with respect to the action
of Ny is isomorphic to U(g, f2) as algebras.

Theorem 2 is proved by applying Theorem 1 after introducing well-chosen
filtrations on U(g, f1) and U(g, f2). As an application, we get an analogue
of the Skryabin equivalence [Skr(2]. Indeed, the nilpotent element f; defines
a character  of ng, so it makes sense to define the category of Whittaker
U(g, f1)-modules, denoted by Whg: they are the left U(g, f1)-modules V' such
that for all z in ng, x +X,(z)1 acts locally nilpotently. It fits into the following
equivalence of categories.

Theorem 3 (|24, Theorem 4|, Proposition 4.4.3.3). There is an equivalence
of categories

T
Wh() ~ U(g,fg)-MOd.

In fact, we generalise the arguments of [G(G02] to prove an analogue of the
Skryabin equivalence in a very general setting, see Theorem 4.4.2.2.

Remark. The study of the equivalence functors in Theorem 3 has been con-
tinued by Masut in [Mas25]. She proved that this equivalence is equivariant
with respect to some bi-actions of a monoidal subcategory of U(g)-Mod on the
categories Why and U(g, f2)-Mod.

Theorem 1 implies the same statement for the arc spaces of the varieties
involved (Theorem 5.3.2.1). This statement has a noncommutative analogue
for the affine W-algebras that quantise these arc spaces.
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Theorem 4 (| , Theorem 1|, Theorem 6.2.1.3). If Conditions (%) hold,
then there is a BRST cochain complex G}O(Wk(g,fl)) whose cohomology is
isomorphic to WW*(g, fo) as vertex algebras:

H* (3, (W5 (g, 1)) = de=o W¥ (g, f2).

Examples (Chapter 3). Theorem 4 holds in the cases described in Table 1.2
because Conditions (%) hold. By convention, the partitions indexing the nilpo-
tent orbits in classical types are represented by nonincreasing sequences. The
column “Reference” gives the first appearance in the literature of each reduc-
tion by stages.

Table 1.2: Examples of reductions by stages

’ g H fi H f2 H Reference ‘
type A hook-type hook-type [ , |
partition of 4: || partition of 4:
type A3 (27 12) (27 2) [ ]
partition of n: || partition of n:
new
type Anfl (ah'"aar—h (ah"'var—l) for n > 3
a, 17) a, +1,1771)
type B subregular regular [ |
type C, part;tloznriollf " regular new
(25,1777)
; G Bala-Carter |
ype Go label A, regular new

To establish Theorem 4, we prove two important results which are also
of independent interest. The first one is the definition of a new BRST com-
plex, denoted by C}, (V%(g)), to reconstruct the W-algebra #W*(g, f), with an
embedding B

C3, (WH(g, f1))) — CF,(V*(9))-

Therefore, one gets an induced vertex algebra homomorphism
O HY(C, (W (g, 1)) — H°(CF,(V"(0)))-
Theorem 5 (| , Theorem 2|, Theorem 6.2.3.7). The cohomology of the
complez C}, (VE(g)) is isomorphic to the affine W-algebra W¥(g, f2):
H* (CF,(V"(0))) = Go=o W (g, f2).

Remark. Theorem 5 can be compared to Sadaka’s work | | because it
provides new examples of constructions of affine W-algebras that are not based

on a good grading, contrary to the usual construction | , , ,

!
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Then we get a natural vertex algebra homomorphism

O - H(C5, (W (g, f1))) — W'(g, f2).

To show Theorem 5, that is to say to prove that the vertex algebra homomor-
phism © is an isomorphism, we need to use the Li filtration and Theorem 1.
The associated graded map gr© is an isomorphism as a consequence of the
reduction by stages for the associated Slodowy slices Sy, Sy, and their arc
space. The Li filtration is not a complete filtration on the BRST cochain com-

plex, so one has convergence issues. To overcome them, we use a generalisation
of [AN25, Theorem 9.7].

Theorem 6 ([(:J25, Theorem 3|, Theorem 5.3.5.1). Let (C®,d) be a vertex

algebra BRS'T cochain complex. Assume technical conditions, like the existence

of nice gradings and some good geometric conditions, to get the vanishing of

the cohomology of the associated graded cochain complex (gr' C*, gr ¢).
Then the cohomology vanishes in degrees other than 0:

H"(C*,d)=0 for n#0.
In degree 0 there is a natural isomorphism
gr' HO(C*,d) = HO(gr™ C*, g™ 0),

where the filtration F on the cohomology H(C*®, d) is induced by the Li filtration
on the complex (C*,d).

Theorem 6 holds for all the complexes mentioned above, allowing us to
show Theorem 5, and then Theorem 4.

Remark. Another application of this theorem is to prove that all the possi-
ble BRST cohomology constructions of (#*(g, f) are equivalent: see Theo-
rem 6.1.2.6 or the remark before Theorem 9.7 in [AM25]. This proof is in-
spired by [AKM15], where equivalence of definitions is proved for the fi-adic
We-algebra 0% (g, f)7.

1.2.6. Motivations and future work
Our next purpose is to extend reduction by stages to any module in the
KazhdanLusztig category KL¥(g) (Conjecture 6.3.1.2), that is to say construct
an isomorphism
0 0 ~ 10
Hy o Hy (M) = Hy, (M)

for any V*(g)-module M in KL*(g). Such a result must be an efficient tool to
build homomorphisms between W-algebras.

It was established in [[XRW03] that any affine W-algebra #* (g, f) contains
as a subalgebra some universal affine vertex algebra, denoted by ¥‘(a) (see
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Proposition 6.1.4.1). If reduction by stages is true in a big enough category of
modules, for a nilpotent element fy in a we can apply the functor H?co to the
embedding

Vi(a) = WH(g, f),

and deduce an embedding of affine W-algebras (see Conjecture 6.3.3.1):
(1.2.6.1) Wa, fo) — W(g. [ + fo).

The embedding (1.2.6.1) is important because for some particular values
of k (and (), it induces an isomorphism between the simple quotients of these
affine W-algebras (Conjecture 6.3.3.3)

We(a, fo) = We(g, f + fo)-

The level k is then called collapsing. The fact that a level k is collapsing has
very interesting consequences for the representation theory of ¥*(g) and the
simple quotient L3 (g) [AKNME 20, AFP22]. This is also related to coincidences
between vertex algebra realisations of four-dimensional conformal field theories
under the 4d/2d-duality.

To give a last motivation, let us mention that in type A, it has been
conjectured that quantum Hamiltonian reduction corresponding to hook-type
nilpotent elements are enough to reconstruct any affine W-algebra (Conjec-
ture 6.3.2.1). To support this result, we prove the analogous result for Slodowy
slices (Theorem 6.3.2.3). If reduction by stages holds in the Kazhdan—Lusztig
category, we must be able to adapt the proof of this theorem to the noncom-
mutative setting.

1.3. Outline

Chapters 2 to 4 are mainly based on [G:J24]. Chapters 5 and 6 are based
on [GJ25].

Chapter 2

We introduce Hamiltonian reduction for affine Poisson schemes. We pro-
vide a general construction for Hamiltonian reduction by stages in this set-
ting (Proposition 2.1.4.4). We recall the usual Gan—-Ginzburg construction of
Poisson structure on a Slodowy slice by Hamiltonian reduction. We study
Conditions (%) and prove that they are sufficient conditions to get Theo-
rem 1 (2.3.3.3), that is to say, reduction by stages for Slodowy slices.

Chapter 3

We describe several examples of pairs of nilpotent elements satisfying the
Conditions (% ). These examples are the ones summarised in Table 1.2.
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Chapter 4

We introduce quantum Hamiltonian reduction for filtered associative unital
algebras. In particular, we generalise the ideas of [G(G02] to give a sufficient
condition for the quantum Hamiltonian reduction to be the quantisation of a
geometric Hamiltonian reduction, when the acting group is unipotent (Propo-
sition 4.1.2.5 and Theorem 4.1.3.8). We provide a general construction for
quantum reduction by stages (Proposition 4.1.4.2). We recall the Premet—
Gan—Ginzburg quantisation of Slodowy slice by finite W-algebras. We state
and prove Theorem 2 (4.3.1.3), that is to say reduction by stages for finite
We-algebras. We finally provide a generalisation of the Skryabin equivalence
(Theorem 4.4.2.2) to prove Theorem 3.

Chapter 5

We recall general facts about vertex algebras, Poisson vertex algebras and
arc spaces of affine Poisson schemes. In particular, we introduce the vertex
algebras involved in the construction of affine W-algebras. We describe BRST
cohomology in three contexts: for Poisson varieties, for their arc spaces and
for vertex algebras. We state vanishing results and prove Theorem 6 (5.3.5.1).

Chapter 6

We describe the different constructions of affine W-algebras and provide a
proof for the equivalence of all these definitions (Theorem 6.1.2.4). We give
a geometric interpretation to the Kac-Roan-Wakimoto embedding from the
perspective of reduction by stages (Proposition 6.1.4.2). We prove Theorem 4
(6.2.1.3), that is to say reduction by stages for affine W-algebras, by using the
analogous result for Slodowy slices. For this purpose, we provide a new defini-
tion of the second affine W-algebra in Theorem 5 (6.2.3.7). We conclude this
chapter by explaining our future directions of research and some applications
that are expected.

1.4. Notation and conventions

Unless otherwise stated, all objects (vector spaces, Lie algebras, algebras,
schemes, varieties, algebraic groups, vertex algebras...) are defined over the
field of complex numbers C. Denote by Z the ring of integers. Denote by d,—p
the Kronecker symbol that is equal to 1 if a = b holds, 0 otherwise.

For any affine scheme X = Spec R, denote by C[X] := R its coordinate
ring. If ¢ : X — Y is a homomorphism of affine schemes, the comorphism
is denoted by ¢* : C[Y] — C[X]|. If R is a C-algebra and X is a scheme,
then X (R) denotes the set of R-points of X, that is to say the set of unital
C-algebra homomorphisms from C[X] to R.

If X is a variety (reduced affine scheme of finite type), the notation 2 € X
means that z is a C-point of X. A linear algebraic group is an affine variety
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with a group scheme structure.

The affine space of dimension n is denoted by A"™ := Spec Clt1,...,t,)
and is identified with its C-point set C". The multiplicative group is denoted
by G = Spec C[t,t!] and is identified with its C-point group of invertible
complex numbers C*.

The Lie algebra of traceless matrices of size n is denoted by sl,. The
elementary matrices are denoted by Ej ;, they form a basis of the vector space
of square matrices Mat,,.
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2 - Hamiltonian reduction by stages and Slodowy
slices

2.1. Reduction by stages for affine Poisson schemes

In this section, we recall basic facts about linear algebraic groups, their Lie
algebras and their actions on schemes, see for example |Mil17] for a good intro-
duction to the subject. Inspired by [G(G02], we define Hamiltonian reduction
associated with a moment map in the slightly unusual case when two groups
are considered (Lemma 2.1.2.5). Finally, we introduce Hamiltonian reduction
by stages by adapting [MMO 07, Section 5.2] to the setting of algebraic groups
acting on Poisson schemes (Lemma 2.1.4.3 and Proposition 4.1.4.2).

2.1.1. Actions of algebraic groups

Consider a linear algebraic group N, meaning a reduced affine group scheme
of finite type over C. Its Lie algebra n is identified as the tangent space of the
group N at its unit element 1, defined as the set of linear maps x : C[N| — C
such that for any Fy, F» in C[N], the following Leibniz rule is satisfied:

:L‘(FlFQ) = {L‘(Fl) Fg(l) + Fl(l) {L‘(FQ)

In this paper, we call (left) N-module a vector space V that is equipped
with a (right) comodule structure p : V. — C[N]| ®c V over the Hopf alge-
bra C[N]. The subspace of invariant vectors is

VN ={veV |forall pv)=1®v}
={veV|forallge N, g-v=uv}.

Remark 2.1.1.1. Because we are working over C and the group is reduced of
finite type, we can check the invariance by looking only at the action of the
group of C-points of N on V.

The Lie algebra n of N acts on V in the following way. For any x in n, the
map

z-(0):V—V
vi— 2 v = (z®idy) o p(v)
defines an endomorphism of V. We get a Lie algebra homomorphism
n— EndV, x+—x- (o).
This map is called the infinitesimal action of n on V. If N is connected, then

VN:V"::{UEV\forallxen, x-v =0}
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For any vector v in V, set
N ={geN|g-v=v} and n’:={ze€n|z-v=0}

Note that NV is an algebraic subgroup of N and n" is its Lie algebra.

Consider an action p : N x X — X of an affine algebraic group N on an
affine scheme X. The comorphism p* : C[X] — C[N] ®c C[X] is a (left)
comodule structure. By composing p* with the co-inverse map C[N| — C[N],
one gets a left action of the group N on the coordinate ring C[X] by algebra
automorphisms. The affine scheme X//N := Spec C[X]" is called the affine
GIT quotient of X modulo the action of V.

The Lie algebra n of N acts by derivations on the coordinate ring C[X].
Denote by Der C[X] the Lie algebra of derivations on C[X], then the infinites-
imal action is a Lie algebra homomorphism n — Der C[X].

2.1.2. Hamiltonian reduction with two groups

Let X be an affine Poisson scheme. By definition, it means that the
coordinate ring C[X] is equipped with a C-linear Poisson bracket {e, e}, that
is to say, a Lie bracket on C[X] which is a derivation with respect to each
entry of the bracket. In the following, we will encounter the following affine
Poisson schemes.

Ezxample 2.1.2.1. Let g be a finite dimensional Lie algebra. The symmetric
algebra Sym g is equipped with the unique Poisson bracket extending the Lie
bracket of g to the whole algebra. Hence, g* = Spec(Sym g) is an affine Poisson
variety.

Example 2.1.2.2. Assume that G is a linear algebraic group acting by the
coadjoint action Ad* on the dual space g* of its Lie algebra. Denote by X a
closed G-invariant subscheme of g*. Then X is a Poisson subscheme of g*. In
particular, any closed coadjoint orbit © in g* is a closed Poisson subvariety.
Ezample 2.1.2.3. Let (V,w) be a symplectic vector space. The map v — w(e,v)
defines a linear isomorphism V' = V*. Under this identification, C[V] = Sym V'
is a Poisson algebra for the bracket defined by

{v,w} =wl,w), v,weV.

Assume that M, N are two affine algebraic groups such that M is a normal
subgroup of N, and denote by m,n their respective Lie algebras. Assume
the data of an N-action on X and of an N-equivariant map p : X — m*
such that p is a moment map for the M-action on X, that is to say the
comorphism p* : m — (C[X], {e,e}) is a Lie algebra homomorphism which
makes the following triangle commute:

m action Der C ]

(2.1.2.4) ,x A{F.}
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The N-action restricts to the scheme-theoretic fibre 1 =1(0) and the affine GIT
quotient ~1(0)//N is called Hamiltonian reduction. Its coordinate ring is

Clu(0)//N] = (CIX]/D)™,
where I is the ideal spanned by the p*(x) for x in m.

Lemma 2.1.2.5. Assume X is equipped with an algebraic action of N by
Poisson automorphisms. The Hamiltonian reduction p=*(0)//N is a Poisson
scheme.

More precisely, for Fy mod I, F, mod I € (C[X]/I)N, the formula
(2.1.2.6) {Fy mod I, F, mod I} := {Fy, F»} mod I
makes sense and defines a Poisson bracket on (C[X]/I)N.

Remark 2.1.2.7. The statement is well-known when M = N, see [LGPV12
Chapter 5|. If M = N is connected, any algebraic action with a moment
map is automatically an action by Poisson automorphism. If M C N, this
statement is implicitly given in [GGO2].

Proof. Introduce the associative subalgebra
P ={FeC[X]|forallge N, g-F —F e I}.

In particular C[u~1(0)//N] = #/I. If we prove that # is a Poisson algebra
and I is a Poisson ideal of #, then #/I is indeed a quotient Poisson algebra.

Because N acts by Poisson automorphisms, for all g in N and all func-
tions F1, Fy on X, one gets the identity g - {F1, Fo} = {g- F1,g - F»}. Assume
that F and F, belong to %, so there are x;;, 22 ; in m and Fl’vi, FQ’J- in C[X]
(where 4, j are indices taking finitely many values) such that

g-F =F + g p(z1)F; and g-Fy=F+ E W (w2,5) Fy ;.
i J
Hence

g-{F1, B} = {(Fy, B} + ) (@) Fli o} + ) {F1, p*(w2,) F3 5}
i J

+ > () F it (w0,5) By 5}

]
On one hand, for {p, ¢} = {1, 2}, the Poisson bracket

{'U* (xp,i)Fzg,zﬁ Fq} = {/L* (:Ep,i)v Fq}F]é,z‘ + (mp,i){Fé,h Fq}
= (@p,i - Fq)Fé,i + N*(xp,i){F;/;,i’ Fy}
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belongs to the ideal I because x,,; - F; belongs to I. One the other hand,

(" (@10) F 4 p* (w2,5) Fy ;) =
M*([ﬂflm $2,j])F1/,iF2/,j + F{du*(xz,j){u*(m,i), FQI,]’}
+ W (@) F A i 0" (2,5) ) + 1 (@00 1 (22,){F] 5, Fs 5}

belongs to I. Therefore, & is stable by the Poisson bracket.
Let « be in m, A be in C[X] and F be in #. Then

(W' (@) A, F} = " (2){A, F} + {1 (2), F}A = p*(@){A, F} + (- F)A

belongs to the ideal I because x - F' is in I. So [ is Poisson normalized by the

algebra &. ]

2.1.3. Hamiltonian reduction for any coadjoint orbit

Take M, N, X and p : X — m* as before. Denote by © the N-orbit of
an element y in m*, and assume that this orbit is a closed subvariety. Denote
by 11~ (©) the scheme-theoretic fibre, which is an N-invariant affine subscheme
of X. The affine scheme p~1(©)//N is Poisson and is called the Hamiltonian
reduction of X with respect to the action of N, the moment map p and the
orbit ©.

Equivalently, one can consider the product of Poisson varieties X x O,
where O~ denotes the orbit of —y. This Poisson variety is equipped with the
diagonal N-action and the O-twisted moment map

fo X X 07—, (2,6) — pla) + £
The natural projection X x O~ — X induces a Poisson isomorphism

po~(0)//N = p~HO)//N.

So, up to this O-twist, we can always assume that the Hamiltonian reduc-
tion is realized with respect to the trivial orbit {0}. This is a very classical
construction, see [('dS01, Section 24.4].

2.1.4. Hamiltonian reduction by stages

Consider a linear algebraic group Na such that there is a semidirect product
decomposition
N2 = N1 X No,

where N7, Ny are two closed subgroups of No and N; is a normal subgroup. In
particular, N7 acts on No by right multiplication and Ny is isomorphic to the
following affine GIT quotient as a group:

Ny & Ny //Ny.

So, the quotient map Ny — Ny is Np-invariant.
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Lemma 2.1.4.1. 1. Let V be an Ny-module. Then VN is a submodule
and there is the equality

(VNl)NO — VNQ.

2. Let X be an affine scheme with an algebraic action of No. The affine
GIT quotient X//N1 has an induced Ny-action and there is a natural
isomorphism

(X//N1)//No = X//N>.

Proof. Denote the comodule structure by p : V. — C[N3] ®c V. According
to [Mill7, Lemma 5.15], the normality of Ny in Ns implies the inclusion

p(VNY) € C[No] @0 VM,

so we get an induced action of Ny on V1,
Let us show that
(ClxM)™ = cx)M.

The right-to-left inclusion is clear. For the other inclusion, take v in (VN 1)NO
and g in No. Denote by gg the image of g in the quotient Ny. By noticing
that g - v = gg - v = v, the other inclusion is proved.

Denote by p: N» x X — X the action map that is given on the coordinate
rings by a co-action p* : C[X]| — C[Nz] ®c C[X]. Applying the first point
to V := C[X] proves the second one. O

There is a well-defined coadjoint action of Ny on n1* because N is normal
in No. The restriction map ny* — ny* is a Poisson homomorphism and Ns-
equivariant.

Lemma 2.1.4.2. The elements of the orthogonal subset ny - in ny* are fized
under the coadjoint action of Ny.

1 1 1

Proof. For any a in Ny and ¢ in Ny, the product aga™'g™! = aga='g taa™
belongs to N7 by normality of N1 in No. By differentiating, one gets that, for

any z in ng, x — Ad(g)z belongs to ny. If £ is in ny*, we deduce that
Ad*(g)é(x) = &(Ad(g")a) = £(Ad(g™ ") — ) + &(x) = £(=),
hence Ad*(g)¢ = &. O

Let X be an affine Poisson scheme equipped with an action of Ny by
Poisson automorphisms and an Ns-equivariant moment map pe : X — ng™*.
The composition of the restriction map ns* — n1* with po, denoted by

M1 : X —>n1*7 .I"—>,U/2(.Z')’n1,
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is a moment map of the Ni-action obtained by restriction and is No-equivariant.
For i = 1,2, denote by I; the ideal of C[X] spanned by the u;*(z) for x
in n;. Whence, one has

Clui™(0)] = C[X]/Is.

Lemma 2.1.4.3. The induced action of Ny on puy~1(0)//N1 has a moment
map pio = p1~1(0)//N1 — ng* induced by the restriction of jg to 1~ 1(0).

Proof. Because of the semidirect product decomposition ns = ny x ng, the
inclusion ny C ny induces an isomorphism of Lie algebras ng = ng/ny. There is
also an restriction map ns* — ng* that restricts to an isomorphism n;+ 2 ng*.

In a nutshell, we get the linear Ny-equivariant isomorphisms

(1’12/'(11)* = 1‘11L = 1‘10*.

The orthogonal subset mt 2 ng* in no* is the fibre of the zero subspace
under the restriction map ns* — n;*. Hence pg restricts to a well-defined
map 2 : ,ul_l(()) — ny+ that is Np-invariant because of Lemma 2.2.3.4, so
we get an induced map g : 1~ 1(0)//Ny — nit = ng* fitting in the following
commutative diagram:

117 1(0) /Ny —22 ng*.

The map jo is No-equivariant because p~1(0) — p~1(0)//Ny and pg are
Np-equivariant. It is a moment map by construction.
On the coordinate ring side, one has for any z in ng:

po*(x) = p2™(x) mod 1.
Take F in C[X] such that F mod I; belongs to (C[X]/I1). One has
z-(FmodI)=(z-F)mod I
because 1~ 1(0) < X is Np-equivariant and
(x - F)mod Iy = {u2*(x), F} mod I
because ps is a moment map. Hence, we get

z - (FmodI)={u*(z) mod I, F mod I} = {uo*(z), F mod I}
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by definition of the Poisson bracket of the Hamiltonian reduction. We get
that g is indeed a moment map because this relation is equivalent to a com-
mutative triangle as in (2.1.2.4). O

Proposition 2.1.4.4. The inclusion 2~ (0) < p171(0) induces a well defined
Ny-equivariant map

(2.1.4.5) p2(0) /Ny — o~ (0).
It induces a map between the Hamiltonian reductions:
(2.1.4.6) p2 " (0)// Ny — 110~ (0) //No.

If (2.1.4.5) is an isomorphism, then so is (2.1.4.6).
Proof. The inclusion po~1(0) < u171(0) is clear by definition of p1, it is No-

equivariant and one has the commutative diagram

p2=(0) —— {0}

l L
l /

//N17

where the top square is a fibred product. By universal properties of fibred
product, we get a map

p2 = (0) — po~(0)
that is Nj-invariant, so there is an induced Ny-equivariant map (2.1.4.5). Tak-
ing the quotient by Ny and using Lemma 2.1.4.1, it gives the map (2.1.4.6).
The last part of the statement is straightforward. O

Denote by Iy the ideal of C[u;~1(0)//N1] = (C[X]/Il)N1 spanned by
the po*(x) for = in ny. Hence, one has

Cluo™(0)] = (C[X1/1) ™ /o

Corollary 2.1.4.7. The reduction by stages map (2.1.4.6) corresponds to the
comorphism:

No
((clx1/m)™ /1) ™ — (CIx)/1)™
(F mod I1) mod Iy — F mod Is.
In particular, it is clearly a Poisson homomorphism.

Proof. The first part of the statement is a reformulation of Proposition 2.1.4.4
in the algebra setting. The second part follows from the definition of the
Poisson bracket of the Hamiltonian reduction (2.1.2.6). O

The construction of this section is summarized in Figure 2.1.
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Figure 2.1: Reduction by stages map

p2~(0) ——— m'(0)

2 2

2.2. Poisson structure of Slodowy slices

In this section, we recall the construction of the Poisson structure on the
Slodowy slice Sy by Hamiltonian reduction, deduced from the Kostant-Gan—
Ginzburg isomorphism (Theorem 2.2.3.3), according to [ (G02]. The version of
the construction given here is slightly modified: Gan and Ginzburg considered
Hamiltonian reductions with respect to a character, we consider a nontrivial
coadjoint orbit (Proposition 2.2.2.2) as suggested in [DSK06]. The construction
of [GG02] can be done in several way. In the perspective of the study of the
corresponding affine W-algebra, we recall that all the constructions lead to
the same Poisson structure on Sy (Corollary 2.2.5.1), that is due to [GG02,
BGO7]. Finally, we use reduction by stages to construct a natural action of an
algebraic group G* on S ¢+ and a moment map (Proposition 2.2.6.1), giving a

new interpretation of a result of Premet [Pre07].
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2.2.1. sly-triple and good grading

Let g be a simple finite-dimensional complex Lie algebra and G be a con-
nected algebraic group whose Lie algebra is g. The group G acts on itself by
conjugation and on g by the adjoint action Ad. Let h be a Cartan subalgebra
of g. Denote by (e|e) the non-degenerate symmetric bilinear form on g given
by .

(of8) = e
where Y is the dual Coxeter number of g and kg is the Killing form of the Lie
algebra g. This form is invariant by any automorphism of the Lie algebra g.

The dual space g* is a Poisson variety and the coadjoint action Ad* of G
on g* is by Poisson automorphisms. This bilinear form (e|e) induces a G-
equivariant isomorphism g = g*.

Consider a nilpotent (adjoint) orbit O in g. According to the Jacobson—
Morozov Theorem [N 93, Section 3.3|, for any nilpotent element f in O there
exist a nilpotent element e in g and a semisimple element i in g such that

[h,e] =2e, [h,f]=-2f and [e, f]=h.

A triple (e, h, f) satisfying this bracket relations is called an sly-triple.

Remark 2.2.1.1. For any sly-triple (e, h, f) in g, e and f are always in the same
nilpotent orbit. Indeed, since SL9 is simply connected, the sls-triple induces
an algebraic group homomorphism ~ : SLs — G. Because

(29 @9 (25 =G4
where i = —1, we get
Ad(v((Y0)f =e.

The following property is well-known.

Proposition 2.2.1.2. The following direct sum decompositions hold:

g=g' ®lg,el =g, f]®g"

Proof. The adjoint action of the Lie subalgebra spanned by the slo-triple
makes g a representation of sls. By decomposing g as a direct sum of sim-
ple representations of sls and by using the explicit description of the simple
representations of sly (see [[Hum?72, Section 7]), the decomposition is clear. [

Using the action of G on triples, one can choose an sly-triple (e, h, f) such
that h belongs to h. We fix such a choice for the rest of the section.

A Lie algebra Z-grading of g is a Z-grading g = @;cz 95 as vector space
such that for all 6,0’ in Z, one has the inclusion [gs,g5] C gsie. Such a
grading corresponds to an action of Gy, on g by Lie algebra automorphisms:
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the action of ¢ in Gy, on  in gs is given by -z := t%2. The bilinear form (e|e)
is G-invariant, so it is a perfect pairing between gs and g_s for any § in Z,
and if 6 + ¢’ # 0, then gs and gs are orthogonal.

Because the Lie algebra is simple, any Lie algebra grading corresponds to
the eigenspaces of the adjoint action of a semisimple element H in g [Hum72,
Theorem 5.3|, that is to say of the form

o=@, where g{":={zeq]|[Ha]=0z}.
éeC

Definition 2.2.1.3 ([LK05]). A Lie algebra Z-grading g = @scp 95 is said
good for a nilpotent element f if f belongs to g_o and if the map induced by
the adjoint action of f, ad(f) : g5 — @s—2, is injective for 6 > 1 and surjective
for 6 < 1.

Example 2.2.1.4. By using the structure of slo-module on g and the explicit
description of the simple slo-modules, one can prove that the action of A induces
a good grading, called the Dynkin grading.

Properties and classification of good gradings are studied in [[£1X05, BGOT7].
We recall some useful facts. We choose a good grading g = @ ;.5 95 such that
the grading is induced by the adjoint action of an element H in the Cartan
subalgebra . According to [BG07, Lemma 19|, it is automatic that e belongs
to go and h to go. When it happens, we say that the good grading and the
slo-triple are compatible.

Proposition 2.2.1.5 ([[[X05]). For a good grading g = @4 s for f and a
compatible sla-triple (e, h, f), we have the following properties:

1. in the decompositions g = g/ @ [g,e] = [g, f] © g¢ given in Proposi-
tion 2.2.1.2, the direct summands are graded subspaces,

2. the inclusions g7 C g<o and g¢ C g=o hold,
3. the map ad(e) : gs — gsr2 is injective for 6 < —1, surjective for § > —1,
4. the following sequences are exact:

ad(f

0—g/ — g1 —¥ g1 — 0,

d
O—>g€—>g>,1ﬁ>g;1—>0.

~—

23

—

Proof. Property 1 is true because e and f are homogeneous elements.
The first inclusion is by definition of a good grading for f and we deduce
the inclusion g>1 C [g,e]. It is well-known that g¢ is the orthogonal of [g, €]
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with respect to the bilinear form (e|e) and g¢ is the orthogonal of g>1, hence
we get the desired inclusion: g¢ C g>g. Property 2 is proved.

The injectivity part follows from the second inclusion. To prove the surjec-
tivity, it is equivalent to prove the injectivity of the dual map (gsi2)* — gs*
for 6 > —1. Because the bilinear form (e|e) is a perfect pairing between g_s5_o
and gs42, it is equivalent to show that the linear map

952 — 05" =+ (z[[e,e])

is injective. If z in g_s_o is such that (z|[e,y]) = 0 for all y in g5, then the
identity (z|[e,y]) = ([z,€e]|ly), the injectivity of ad(e) and the perfect pairing
imply the conclusion x = 0 and Property 3.

The first sequence is exact by definition of the good grading. The second
one is exact because of Property 3. O

2.2.2. Hamiltonian action

Set x = (f|e) the linear form on g given by the scalar product by f. The
homogeneous subspace g1 is equipped with the skewsymmetric form

w(v,w) = x([v,w]), for v,w € g;.
Lemma 2.2.2.1. The form w is symplectic.

Proof. Because the grading is good, the homomorphism ad(f) : g1 — g—1 is
bijective. Using the fact that the bilinear form is a perfect pairing between g;
and g_1, we can conclude. O

Let [ be an isotropic subspace of g; and denote by [* its orthogonal space
with respect to w. The quotient ¥ /lis equipped with a skewsymmetric form
induced by w which is a symplectic form, also denoted by w.

Define the following nilpotent subalgebra of g:

ny = [+ @® g>2.

It is the Lie algebra of a unique unipotent subgroup Ny of G. The group N,
acts on g* by restriction of the coadjoint action, and the restriction map gives
a moment map

migt — o, L &
Denote by O, := — Ad*(Ny)X; the opposite coadjoint orbit. The fibre of O
under 7y is equal to

T HO]) = —x +ad* () x Dt

where € is a subspace of [* such that [ = ¢ @ [.

The linear form x restricts to a linear form on ny, denoted by ;. Denote
by O := Ad*(Ny)x; its coadjoint orbit in n/*, which is a smooth symplectic
variety. The following lemma is stated without proof in [DSIK06, Section 0.4].
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Proposition 2.2.2.2. The map
o 9/ — ©  (vmod [) — X, + ad*(v)x,

1s well-defined and is a symplectic isomorphism. In particular, Oy is an affine
subspace of n*.

Proof. The action of the group Ny is given by exponentiation of its Lie algebra
action, so

AT — I o ke
Ad*(N)x; = { gad ()% | ve n[}.
k>0

Because of the good grading, ad*(v)¥y, = 0 for k > 2. Indeed ad(v)* f be-
longs to grx—2 C g>0, which is orthogonal to ny C g~ by the bilinear form (e|e).
Hence,

Ad*(N)X; = {xi +ad™(v)x; | v € i}

For degree reason, one can check that ad*(v)*y, = 0 for v in gs2. So we
get a surjective affine map

[+ — O, v X, +ad*(v)xi,

and the fact that [ is isotropic implies the isomorphism [+ /[ & ©. O

2.2.3. Hamiltonian reduction

We want to compute the Hamiltonian reduction of g* with respect to the
action of N; and the coadjoint orbit ©O;. To do so, we use the Slodowy slice
associated with the slo-triple (e, h, f), that is the affine subspace of g* defined
as

Spi=—x+lg,el", where [g,e]" = {¢€g”|&([g,¢€]) =0}
Lemma 2.2.3.1. The Slodowy slice Sy is contained in this fibre W[*l((@f).

Proof. In the proof of Proposition 2.2.1.5, we noticed the inclusion g>; C [g, €]

and, because ny is contained in g1, we deduce that [g,e]* is included in n/*.
The lemma follows. O
Remark 2.2.3.2. In [Slo06, Section 7.4], the Slodowy slice is defined as the

affine subspace f + g of g. When one is interested on the Poisson struc-
ture of these objects, it is usual to deal with the image of this slice under
the isomorphism g = g*, that is equal to x + [g,e]* (because of the equal-
ity [g,e]-(®l*) = g¢) [GG02, Los10].

To follow the conventions of [[KRWO03, KW04, DSK06], we work with —y
instead of x. Indeed, the slo-triples (e, h, f) and (—e, h, — f) have the same cen-
tral element, so they are G-conjugate according to the Mal’cev Theorem [CM 93,
Theorem 3.4.12].
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Theorem 2.2.3.3 (|[GG02, Lemma 2.1]). The action map
ar: Nyx Sp 5 w1 (O7),  (9,€) — Ad*(g)¢,

1s well-defined and is an algebraic Ny-equivariant isomorphism, where the left-
hand side is equipped with the action by left multiplication on Ny. Hence, the
Slodowy slice is isomorphic to the Hamiltonian reduction:

Sf = 7['[71((9[_)//]\7[.

The rest of the section is devoted to the proof of the theorem, that will
rely on the following technical fact.

Lemma 2.2.3.4 ([5lo06, Lemma 8.1.1]). Let V,W be two finite-dimensional
G -modules. Let f:'V — W be a Gy -equivariant algebraic variety homomor-
phism. Assume that

1. the Gy -weights of V. and W are positive, that implies that 0 are the only
fized points on both sides and f(0) =0,

2. the differential map dfy : V — W is a linear isomorphism.

Then f:V — W is an algebraic isomorphism.

Denote by G.q the adjoint group of g, that is to say the connected com-
ponent of the identity in the group of Lie algebra automorphisms of g. The
good grading induces a Gy-action on g by Lie algebra automorphisms, corre-
sponding to a group homomorphism 7 : Gy, = Gaq. The weight-spaces of the
G-action Ad* oy defines a grading g* = @54 g5 of the dual space g* and x
belongs to g* 5 because f is in g_».

Set p: Gy, — Autc(g*) the action defined for all ¢t € G, and £ in g* by

(2.2.3.5) p(t)€ = t* Ad*(v(1))€.

In particular if £ is in g, for § in Z, then p(t)§ = t?+9¢. The linear form y is
fixed by p. As a consequence, the Slodowy slice Sy and the fibre 77_1((9l_ ) are
p-stable affine subspaces of g*.
Because N is unipotent, there is an algebraic isomorphism exp : n; — N;
such that for all z,y in n;, one has the equality
= 1
Ad(exp(z))y = exp(ad(z))y =Y o 4@y,
p=0

where the right-hand side sum is finite by nilpotency.
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Lemma 2.2.3.6. There is a Gy-action on Ny by group automorphisms such
that the exponential map exp : n, — Ny is Guy-equivariant. The coadjoint
action of the group N

ar: Nexgh — g, (g,6) — Ad"(g)¢
that is Gy, -equivariant.

This lemma is proved in [GG02, Lemma 2.1] in the case of a Dynkin grad-
ing, by considering the map SLy — G induced by the slo-triple. We adapt the
proof for any good grading.

Proof. Above we defined a group homomorphism v : G, = G,q. By using the
fact that G,q is isomorphic to the quotient of G by its centre, the conjugation
action of G on itself induces an action of G,q on G by group automorphisms
and then a Gy,-action on G. Because V| is connected and ny is Gy,-stable, Ny
is stable by the Gy,-action.

For the equivariance part, it is enough to prove that the map

is G-equivariant. It is a consequence of the following computation

Ad*(v(1))(Ad*(9)€) = Ad* (y(t)) Ad*(g) Ad* (v(t™ 1)) Ad* ((t))¢
= Ad*(7()gy(t™")) Ad*(v(1))¢E.

We are ready to prove the main theorem.

Proof of Theorem 2.2.53.3. The map oy : Ny x Sy — m‘l((@[_) is well-defined
because the right-hand side is stable by the Ni-action and because of the in-
clusion Sy C m~H(O[).

We consider the vector spaces n; equipped with the G,-action induced by
the good grading and [g, e]*, ad*(€¥)x © m;* equipped with the restriction of
the Gy -action p. The isomorphism

n x [g,e]t — Ny x Sp, (2,8 — (exp(z), —x + )
ad*(E)x & mt — 1 HO]), £ —x+¢

are G -equivariant because y is fixed by p. After to conjugating a; by these
isomorphisms, we could apply Lemma 2.2.3.4 if the following properties hold:

1. the Gp,-weights of ny, [g,e]* and ad*(£)x ® n;* are positive,

2. the differential map d(ar)(,—y) : @ [g, et — ad*(&)x ® m* is a linear
isomorphism.
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The Lie algebra n; is contained in g>; so its weights are clearly positive.
The isomorphism g = g* maps respectively g¢ and [f,€] © =% to [g,e]*
and ad*(¢)x®n;*. According to Proposition 2.2.1.5, we have the inclusion of g¢
in g>o, so the p-weights of [g,e]* are greater than 2. Because £ is a subspace
of g1, and because the inclusion gss C ny implies n-% C (gso)=l*) = go 4,
the space [f, €] © n;>“ is contained in g1, so the p-weights of ad*(£)x ® n;*
are greater than 1. Therefore, Property 1 holds.

The differential map is given for  in ny and ¢ in [g, €] by

d(ar)1,—y) (7,8) = —ad*(x)x +&.

Because of the good grading property,  — — ad™(x)x is injective and using the
transverse intersection g®N[ny, f] = [g, e]- Nad*(n;)x = 0 (Proposition 2.2.1.2),
we deduce that d(ar)(;,—y) is injective.

To prove surjectivity, we compare dimensions:

dim(ad*(¢)x ® i) = dim [ — dim [ 4 dim g — dim
=dimg —dim[—dimgso
=dimgy_; —diml
and
dim(n @ [g, €]*) = dim [* + dim g>o + dim g°,
hence
dim(ad*(£)x ® n;t) — dim(n; @ [g, €]*) = dimg>_1 — dim g¢ — dim g>1,

and this difference is zero because of the second exact sequence of Property 4
in Proposition 2.2.1.5. Dimensions are equal so the differential is bijective and
Property 2 holds.

We can apply Lemma 2.2.3.4 and the theorem is proved. O

In the following, we will use the reformulation of this construction with
the twisted moment map. Consider the Poisson variety g* x (I-%/I). Tt has
a natural diagonal action of | given by the coadjoint action on g* and the
isomorphism of % 22 ©,. There is a moment map

(2.2.3.7)  pe: gt x (9 — n*, (&, v mod ) — m(€) + X, + ad*(v)x;

It is clear that the natural projection g* x (I*“/I) — g* induces an Nj-
isomorphism

e (0) = m (o).
Taking the quotients by IV, we get that the Hamiltonian reductions are Poisson
isomorphic:

w71 (0)//Ny = Y (O ) /N
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2.2.4. Functorial Hamiltonian reduction

Let X be an affine Poisson scheme equipped with an action of the group G
by Poisson automorphisms and a G-equivariant moment map ¢x : X — g*.
There is an action of Ny on X and the composition mx = mo¢x : X — n*
is a moment map. Denote by ¢x (S ¢) the scheme-theoretic fibre of Sy and
consider ¢x 1 (m (O )) = mx 1 (O;). The following proposition is a well-
known generalisation of [Gin09, Proposition 1.3.3].

Proposition 2.2.4.1. The action of N; on X induces an isomorphism
Nix ¢x~H(Sp) = mx~H(O).

This proposition is a straightforward consequence of Theorem 2.2.3.3 and
the following lemma.

Lemma 2.2.4.2. Let Z be an affine scheme with an action of an algebraic
group M. Assume that there exists a closed subscheme S of Z such that the
action induces an isomorphism M x S =2 Z. Then for any M -equivariant map
of affine schemes ¢ : Z' — Z, the action map induces an isomorphism

M x¢~(8)= 7,
where ¢~1(S) denote the scheme-theoretic fibre of S under ¢.
Proof. By fibred product, the isomorphism M xS = Z induces an isomorphism
Z'xz (M x S)=Z,
where the left-hand side fibreed prdocut is defined by the map ¢ : Z/ — Z and
the action map M x S — Z. To conclude the proof of the lemma, it is enough
to prove that the action map
Mx¢pHS)=Mx (Z'xz8) — Z' xz (M xS)
is an isomorphism.

Both M x ¢=1(S),Z’ xz (M x S) are closed subschemes of M x Z' x S
respectively defined by the equations ¢(z) = s and ¢(z) =g - s for g in M, z
in Z and s in S. Hence, the automorphism

MxZ'xS—MxZ x8, (g,2,8) +— (3,9 2,8)

given by the action induces the isomorphism that we want. O
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2.2.5. Equivalence of the constructions

The previous construction requires many choices: a nilpotent element f,
a good grading defined by a semisimple element H and an isotropic sub-
space [. We want to prove that the corresponding Hamiltonian reductions
are isomorphic as Poisson varieties. In the above discussion, all the objects

4([77

related to [ were denoted with a subscript. For [ = {0}, we omit the sub-
script. In particular, n = g>1, N = (G>1, there is an isomorphism g; = ©
and 771(O7) = —x + (g=2)*. The following corollary is an straightforward

consequence of Theorem 2.2.3.3.

Corollary 2.2.5.1 (|GG02, Section 5.5]). For any isotropic subspace [ in g1,
there is an inclusion (O ) C 7~ 1(O~) which induces a Poisson isomor-
phism

mHOD) /N = 7 (OT)//N.

Let us denote by
P(g, f, H) := Clm (O™

the Poisson algebra obtained as the coordinate ring of one of these Hamil-
tonians reductions, for any choice of coisotropic subspace [ of g;. Using the
vocabulary of [DSIKV16], we call this Poisson algebra the classical finite W-
algebra associated with the pair (H, f).

Corollary 2.2.5.1 is used in |[BGO7, Sections 4 and 5| to prove that for any
nilpotent elements f, f in the orbit O and for any semisimple elements H, H’
defining good gradings for these nilpotent elements, there is a Poisson algebra
isomorphism between the associated W-algebras:

g)(g? f?H) g @(97f/7H/)'

As a consequence, the classical finite W-algebras @(g, f, H) constructed
above only depend on the nilpotent orbit O which contains f. They are called
the classical finite W-algebra associated with the orbit O at level k and denoted

by #(g, f).

2.2.6. Hamiltonian action on the Slodowy slice

Let G% be the connected subgroup of G whose Lie algebra is
¢ =g/ Ngo.

In other terms, G? is the connected component of the neutral element in the
intersection Gf NG
Consider the twisted moment map defined in (2.2.3.7):

pogtxgr— ot (§v) — (€ + X +ad"(v)X,

95



for the action of N := Gi>;1. Denote by O the coadjoint orbit of ¥ in n*, where ¥
denotes the restriction of x to n. It gives a realisation of the Slodowy slice as
Hamiltonian reduction:

S5 = u (0)N.
Let {v;}2%, be a basis of the symplectic space g; and denote by {v'}7, the

1=
symplectic dual basis, these vectors correspond to elements in C[g;] = Sym g;.

Denote by I the ideal of C[g*] ®c Clg1] spanned by the p*(x) for x in n.

Proposition 2.2.6.1 ([Prc02, Lemmas 2.3 and 2.4]). There is an action of G
on p~Y(0)//N and a moment map 6° : p=*(0)//N — (g®)* whose comorphism
is given for x in g? by:

2s
O (z)=2®1+ % Z 1 ® v'[v;, 2] mod I,
i=1
that lies in #(g, f) = ((Clg*] ®c Clo])/1)" .

Remark 2.2.6.2. In [Pre02, Lemmas 2.3 and 2.4], Premet constructs this action
for the corresponding finite W-algebra. In [[KRW03, KKW04], an analogue of
this action is constructed for the corresponding affine W-algebra (see Proposi-
tion 6.1.4.1). In both cases, the formula for the moment map is found by the
explicit computation of the generators of C[Sy] = P(g, f) that are of degree 2
with respect to the Gyy-action given in (2.2.3.5).

We give a new proof of Proposition 2.2.6.1 that uses reduction by stages.
The group G normalises N = G>1. Define

N?:= N x G*

the semi-direct product of these groups. Denote by n? the associated Lie alge-
bra, by X! the restriction of y to n’ and by © its coadjoint orbit in (nh)*.

Lemma 2.2.6.3. There is a symplectic isomorphism given by the map
1
of g — OF v X +ad"(v)X + 3 ad* (v)2x".

Moreover, the restriction map (nh)* — n* induces a symplectic isomorphism
between the coadjoint orbits ©F and O:

OF —— (nf)*
o \ { L
7 O — n*.

Proof. The argument is similar to Proposition 2.2.2.2, see Proposition 6.2.2.2
for details. O
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Proof of Proposition 2.2.6.1. The group N? acts by the diagonal action on the
Cartesian product g* x g; = g* x ©F and there is a moment map

* * — * —] 1 * —]
M:gxgy—ﬂﬂ),(&@H%QM+XVHM(wﬂ+§ad@fﬂ.

The restriction of this action to the normal subgroup N corresponds to the
usual moment map p : g* X gg — n*.

The first part of the statement is then a direct application of Proposi-
tion 2.1.4.4 to the moment map pf : g* x g; — (n?)*. The comorphism is given
by this formula because 67 is induced by u?, whose comorphism is given for

in g° by:
2s

1 ,
by* — hl o).
(%) (ac)—ac®1+2 2_11®v[vz,x].
O

Remark 2.2.6.4. The action of G¥ is naturally defined on p~1(0)//N, but it
is not easy to observe on the Slodowy slice Sy itself because the slice is not
stable by the coadjoint action of G?. Consider the reductive part of G¥, that
corresponds the connected component of the identity in G/ N G¢ and denoted
by Gied‘ The coadjoint action of GEed stabilises Sy but this group is smaller
than G” in general.

Example 2.2.6.5. Take g = sls and consider the slp-triple

0 1 1 0
e = 0 , h:= -1 , and f=1|1 0
0 0 0

The adjoint action of

induces a good grading for f whose nonnegative parts are given by:

go =C(E1,1 — E22) @ C(Eyp — E33) @ CE23 @ CE3
g1 = CE12® CEj 3.

For G = SL3, one can check that

GEed = {

a 0 O
@:{ 0 a b yaec&bec}
0 0 a2
a 0 O
0 a
0 0



2.3. Reduction by stages for Slodowy slices

In this section, we define the Conditions (%) and study their consequences
as done in | , Section 5.1]. We prove that if a pair of nilpotent ele-
ments f1, fo satisfy these conditions, then there is an inclusion of the closures
of their nilpotent orbits (Proposition 2.3.2.2). We state and prove reduction
by stages for Slodowy slices by following | |, see Theorem 1 (2.3.3.3).

2.3.1. Sufficient condition on the good gradings

For i = 1,2, let f; be a nilpotent element in g and H; be an element in §
such that the grading

a=Pa. o =",
6€Z

is a good grading for f;. The homogeneous subspace ggi) is equipped with
the symplectic form w;(u,v) = (fi|[u,v]) for u,v in ggi). Introduce the Lie
subalgebra gh! := g(()l) Ngl.

Since [Hy, Ha) = 0, one gets a bigrading on g:

1 2
0= P w6, where gs54, =05 Noi.

01,02€Z

Set fo == fo — fi. Consider the following conditions:
2 2
1 2 1 1 2
oy co®l cal), o’ C@ais o C Posi,

fo € go,—2-

(%)

Proposition 2.3.1.1. Assume that Conditions (%) hold. Then there exist an
)

are Hi and Hy-stable, and the nilpotent algebras

n =Lt e 9(212) and ng =L @ 9(222)

isotropic subspace [y of ggl and an isotropic subspace lo of 952) such that both

satisfy the following properties:
1. the algebra ny is an ideal of na,

2. there exists a subalgebra of no, denoted by ng, such that it is contained
in the Lie subalgebra g»' and there is a decomposition ny = ny @ ng.

In the rest of this section, we assume the conditions (% ). To prove the
proposition, we start with the following lemmas.

Lemma 2.3.1.2. The forms wi and wy coincide on g1,1 = ggl) N g?) and the
. . 1) (2)
subspace g1.1 s a symplectic subspace of gy’ and of g™ .
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Proof. Take z,y € g11. Then, [z,y] € g22 is orthogonal to fy € g —2. Hence

wi(z,y) = (fille,y]) = (foll2,y]) = walz, y).

Let us prove that w; is nondegenerate on gq 1. Because the Hi-grading is good,
the adjoint action of fi in g_2 —2 induces an isomorphism g1 1 = g—1,—1. More-
over, the symmetric invariant bilinear form (e|e) is perfect pairing between the
subspaces g11 and g_1,_1, hence wy is nondegenerate. O

Lemma 2.3.1.3. The subspace l; = g1.2 1 tsotropic in ggl) and its orthogonal

is given by 1% = g1 1 @ g1.0.

Proof. Because of the hypotheses of Proposition 2.3.1.1, the vector space ggl)

decomposes as ggl) = g10 D 91,1 @ g1,2. The adjoint action of f; induces
an isomorphism g;2 = g_1 o and the bilinear form (e|e) is a perfect pairing
between the subspaces g_1,9 and g1,0, so g1,0 and g1 2 are perfectly paired by wy
and have the same dimension. Hence, g1,0@g1,2 is a symplectic subspace of ggl)
and g1 o is a Lagrangian subspace of this symplectic subspace.

By comparing the bidegrees, one can also see that wi(g1,1, 91,0 P 91,2)

=0.
Hence, the subspace g1 2 is isotropic and its orthogonal is g1,1 © g1,2- O
Lemma 2.3.1.4. 1. The subspace go,1Pg2,1 s a symplectic subspace ofggm.

2. There exists a subspace a in go1 N gl such that a ® 92,1 s a Lagrangian
subspace of go,1 D g2,1-

3. The subspace la == a® go,1 is isotropic in 952) and its orthogonal is given

by [2J_70J2 =aPh 91,1 ) g2,1-

Proof. Because fg belongs to go,—2, one has the inclusion

[fo,011] C 91,1 D g-1,11

and this space is orthogonal to go1 @ g2,1 by the pairing (e|e). Hence,

wa(go,1 @ 92.1,01,1) = 0.

The symplectic form wy has to be nondegenerate on gg 1 @ go,1, whence it is a
symplectic subspace and (1) is proved.

In the same way, one has [f2,921] € go,—1 @ g2,-1, so the subspace ga 1 is
isotropic in go1 @ g2,1. It can be extended to a Lagrangian subspace of the
form a @ 92,1, with a C 90,1-

We claim that a is included in gg 1 belongs to g/'. Any element in a is of
the form = = u + v where u € g/t and v belongs to a complement of g/t in g
which is H; and Hs-stable. Then,

[f2,$] = [f()au] + [flav] + [fo,’l)],
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where [fo,u] € go,—1, [f1,v] € g—2,—1 and [fo,v] € go,—1. Since = belongs to
the isotropic subspace a @ ga 1, for all y € go,1:

wa(z,y) = ([f1,v]ly) = 0.

Hence, [f1,v] is zero because the subspace g_o 1 is paired with g2 ;. Finally,
we deduce that v has to be zero because it lies in a complement of g/1. This
proves the existence of a as in (2).

By construction, it is clear that a®gs ; is isotropic in g( )
is the subspace a @ g1,1 @ g2,1, so (3) follows. O

and its orthogonal

Proof of Proposition 2.3.1.1. Consider the following subspaces of the Lie alge-
bra g:

np=ad (gél) ﬂg(;Q)), n =L e 9(212), ng =92 @ g(;z)

We have the decomposition

2 1 2 1 2 2 2 2
9(21) ePne)@ (e ngt)e (g ngd) @ (9&%%5”)69(95)099))@(9;309%)7

whence we get the decomposition
o =ao (g’ ngi) e (e net’) @ e nel) @ (6 nal) @ (8 N ol
We have the decomposition
ol = et ey @ (@1 ne?) @ (o1 nof) @ (o N o) @ (a1 N8,
whence we have the decomposition
m= (a1 net?) @ (o1 Nof?) @ (o N af”) @ (a1 N a)).

To prove (1), we just need to prove the inclusion [T, ng] C [;1%1 be-
cause the Hi-grading is a Lie grading. But this inclusion is clear since

[lwl—g()ﬂg(ﬂ) and mng Cg[())ﬂg@)

After comparing these decompositions, is is clear that no = ny & ng. To
prove (2), we just need to prove that ng C g/t. It is clear because of the
inclusions

acg” and [fi,0)" Ne] Cg"na =0,
1

Nv

where the last equality is a consequence of the inclusion g*°

Example 2.3.1.5. Take g = sly. Consider the nilpotent elements
0 0
f1= 0 and fo = 1 0
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They are embedded in sly-triples (e;, hy, fi), ¢ = 1,2, where
er:=Fi14, e =F14+FEs3
and
hi=FE11—FEy4, hy=FE1 1+ FEys— E33— Ey4.
The adjoint actions of h; and hs induce good gradings (in fact Dynkin

gradings) for, respectively, f1 and fo. Their nonnegative parts are given by:

981) =C(E11 — Eyp) ®C(E22 — E33) @ C(E33 — Egq) ® CEy3 @ CE3 9,

951) =CE 2@ CE 130 CEy4® CEsy, gé” = CE1 4,

982) =C(E11 — Eyp) ® C(Er2 — E33) @ C(E33 — Ey4)

©CE120CE ®CE34® Eyg3,
9&2) =CE 130 CE14®CEy3® CEy4.

They satisty Conditions ().
Applying Proposition 2.3.1.1, one gets Iy = CE; 3 ® CE34 and

0 0 * =« 0 0 % =
ny — 0 0 0 =« oy — 0 0 * =
! 0000 (( 0000O0]|(
0000 0000

2.3.2. Order on the two nilpotent orbits

We recall that if f is nilpotent in g and if O denotes the adjoint orbit of
f, then O is conical, that is to say stable under the action of Gy, by scalar
multiplication. When Conditions (%) hold, we can compare O; and O, the
orbits of f1 and fs.

Lemma 2.3.2.1. If Conditions (%) hold, then fi lies in g(_2% and it can be

embedded in an sly-triple (e1, hy, fi) such that ey € g5 and hy € g

Proof. We have [Hy, f1] = 0, hence f; € gg According to [F1<05, Lemma 1.1],

one can find an sly-triple (e}, R}, f1) compatible with the Hj-grading. The
decomposition b} = hy + Zj?ﬁo x;j holds, where h; is in goo and z; is in go ;.
In the same way, the decomposition €] = e} +>" j#2 Yj holds, where e isin goo
and Yj is in 92,5-
We have
—2f1 = [Iy, fi] = [ha, A1l + D[, 1.
70

On the right-hand side, [hi, fi] belongs to g(_2% and [z, fi] belongs to 95.222
for j # 0. One can make the identification [hy, fi] = —2f; by comparing
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degrees, because fi is in g(_2% We can deduce the equality hy = [ef, f1] from

the equality h} = [e], f1] by the same argument.

To conclude, we use an argument from [CMN93, Proof of (3.3.10)]. Be-
cause hy commutes with H; and Hs, their three adjoint actions admit a com-
mon eigenbasis. We write the decomposition €] = e;+>_ 2 %j As sum of eigen-

vectors for ad(hq), where e is in ggl) ﬂgg) ﬂgghl) and z; is in ggl) ﬂgg) ﬂgghl).

We have the equality

hi = [¢], f1] = [ex, il + D [z, fu]-
72
One sees that, for j # 2, [z}, f1] belongs to g(()l) ﬂg(()Q)ﬂg

to g(()l) N g(()Q) N g(()hl). Since hq is in g(()l) N 982) N g(()hl), by identification one ets
the equality hy = [e1, fi].

We conclude that (e, hi, f1) is the desired sla-triple. O

(h1)

9, and [e1, f1] belongs

Proposition 2.3.2.2. Assume that Conditions (%) hold and fix an sly-triple
as in Lemma 2.3.2.1, denoted by (e1, h1, f1). Then, the equality [fo,e1] = 0
holds and the orbit Oy, is contained in the Zariski closure of Oy, .

Proof. Because fp is in go—2 and e is in g22, [fo, €1] belongs to g2, but this
intersection is zero, so the bracket [fo, e1] is zero.

The Lie algebra homomorphism sl — g induced by the sla-triple exponen-
tiates to a group homomorphism SLo — G. We get a cocharacter v : Gy, — G
by restricting to the Cartan subgroup of SLs lifting the Cartan subalgebra Ch
of sls. The adjoint action composed with this cocharacter give a Gy,-action
on g whose wheights correspond to the Dynkin grading of this slo-triple. In
particular, Ad(y(t))f = t=2f for t in Gy,.

Then the affine space fi1 + g¢ is equipped with the action

p(t)r =t*Ad(y(t))z for t€ G, and z€g.

Because g is included in the nonegative part of the Dynkin grading according
to Proposition 2.2.1.5, this action contracts to fi, meaning that for any y in g,
one has:

pt)(fit+y)=fi+t-y— fi as t—0.
Moreover, this actions preserves any nilpotent orbit. Because of the equal-
ity [fo,e1] =0, f2 is in f1 + g, hence f1 = }%(p(t)fQ) lies in the closure of
the orbit of fs. ]

2.3.3. Reduction by stages

If Conditions (%) hold, we get the nilpotent subalgebras ns, ny and ng such
that the corresponding unipotent subgroups of the reductive group G, denoted
by No, N1 and Ny, satisfy the semi-direct product decomposition

N2 :Nl X No.

62



For ¢ = 1,2, the group NV; acts on g* by the restriction of the coadjoint
action and this actions has a moment map given by the restriction map

gt — ", -

Denote by ¥; the restriction of the linear form x; = (f;|e) to the subalgebra n;
and denote by ©; := Ad*(N;)x; its coadjoint orbit.
By the proof of Proposition 2.3.1.1, the inclusion g;; C [; induces a sym-

J_,wi

plectic isomorphism gy 1 = [;/1; . According to Proposition 2.2.2.2, we have

the symplectic isomorphism
o;tg1,1 — ©;, v X+ ad*(v)%.
Hence, the fibre of the orbit by the moment map is

i N O ) = —xi +ad*(g11)x; © it

7

We can equivalently consider the twisted moment map defined in (2.2.3.7):
(2.3.3.1) pitgx g1 —w', (&) — mi(€) + X +ad" (v)X
We have the following Poisson isomorphism of Hamiltonian reductions:
i H0)//N; = i~ H (O ) [/ N

Lemma 2.3.3.2. The natural projection no™ — n1* induces a symplectic iso-
morphism Oy = O1 and the following triangle commutes:

n*
" X 91,1

P g

ny .
The linear form xa restricts to a character of ng, denoted by Xg-

Proof. The inclusion ny C no implies the inclusion net C myt. The decom-
position fo = fi1 + fo where fy belongs to go—2 and is orthogonal to n; with
respect to (e|e). Hence, we have the decomposition xo = x1 + xo where g is
in ny and X |n, = X3, so the diagram is commutative.

The linear form Yo = x2|n, is equal the inner product by fy, that belongs
to go,—2. Because np = a @ (g((]l) N 9;12)) with a C go,1, we only need to check
that

Xo([a, a]) = x2([a, a]) = 0.

This is true because a is contained in the isotropic subspace [5. O
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The following theorem is a new formulation of [GJ24, Main Theorems 1
and 2| under conditions (% ). Note that [; and Iy may not be Lagrangian, in
contrast to [G.J24].

Theorem 2.3.3.3. Assume Conditions (% ). Then Proposition 2.3.1.1 holds
and we can use the objects introduced just above. The following properties hold:

1. the action of Ny descends to the quotient p1~1(0)//N1 and there is an
induced moment map

po = 1~ H(0) /N1 — ng*,  [€,0] — Elny + Yo,
where [¢,v] denotes the Nyi-orbit of (€,v) in u;~1(0),

2. the action induces an Ny-equivariant isomorphism Ny x Sa = po~1(0),
where the left-hand side is equipped with the action of left multiplication
on Ny,

3. there is a Poisson isomorphism
p2(0)// N2 2= 1o~ 1(0) //No
induced by the inclusion pa~1(0) C pp~1(0).

We will prove Theorem 2.3.3.3 and Corollary 2.1.4.7 by using Proposi-
tion 2.1.4.4. On the coordinate ring side, we getthe following statement.

Corollary 2.3.3.4. The co-homomorphism

(‘@(97 fl)/IO)NO — ‘@(97 f2)
(F mod I) mod Iy — F mod I

is a Poisson algebra isomorphism, where Iy the ideal of P(g, f1) spanned by
x®1+x2(x)lmod Iy for x € nyg.

We introduce some tools to prove Theorem 2.3.3.3. For ¢ = 1,2, embed

the nilpotent element f; in an sly-triple (e;, h4, f;) such that e; belongs to ggi)

and h; belongs to ggi), and let S; :== —x;+[g, ;] be the corresponding Slodowy
slice. Moreover assume that the triple (e, hi, f1) is provided by Lemma 2.3.2.1.

According to Theorem 2.2.3.3, the map
ai: Nix S; — m (O]),  (9,€) — Ad*(g)¢
is an algebraic isomorphism.

Lemma 2.3.3.5. The isomorphism a1 : N1 x S; — p1~1(0) restricts to an
isomorphism
Ni x (=x2+ [g.ea] " Nng ™) = my ™1 (O3).
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Proof. We first check the inclusion
o1(N1 % (—x2 + [g,e1]" Nno™)) € mH(Oy).

Since W2_1(©;) is Np-stable, it is enough to check that —xs + [g, e1]* Nng™ is

contained in Wz_l((QQ) =—x2+ad*(g1,1)x2 P nat. Tt is clear because [g, 1]

is in 111J‘ and nlL N noJ‘ = tng‘.

We have an inclusion of two smooth irreducible closed varieties, if they
have the same dimension then they are equal and by restriction we have the
desired isomorphism. The subalgebra ng is contained in g/t that does not
intersect [g, e1] according Proposition 2.2.1.2, hence

dim(N; x (=x2 + [g,e1]F Nngh)) = dimn; 4 dim g — dim[g, e;] — dim ng.
Because a; is an isomorphism, we get
dimn; — dim(g, e;] = dimg; ; — dimny,
hence

dim(Ny X (—x2 + [g, el]l N nOL)) =dimg;; +dimg — dimn; —dimng
= dim 1 (Oy).

This equality concludes the proof. ]
We can use this lemma to prove the main theorem.

Proof of Theorem 2.3.5.3. Because of the compatibility of the moment maps
given by Lemma 2.3.3.2, one can apply Lemma 2.1.4.3 from the general theory
of Hamiltonian reduction by stages. It proves Item 1 of the theorem.
Set
1o = S1 — o, f'—)f’no+%.

Clearly the following triangle commutes:

S1
x
Zl tl()*
/uo

1 (0)//M

The fibre of 0 is:
fio ' (0) = —x2 + [g, e1]t Nngt.

Lemma 2.3.3.5 gives an isomorphism
Ny x i (0) 22 ™ (0),
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hence the natural map pe~1(0)//N7 — po~1(0) is an isomorphism. By Propo-
sition 2.1.4.4, Item 3 of the theorem is proved.
The isomorphism

N1 x Ng x Sy — 7r271<(92_),
(91,90, &) — Ad™(9190)¢
induces an isomorphism
No x Sy = m~ H(O5) //N1 = po~'(0)
after taking quotient by Njp, that is to say Item 2 of the theorem. O

2.3.4. Functorial reduction by stages

Let X be an affine Poisson scheme equipped with an action of the group G
by Poisson automorphisms and a moment map ¢x : X — g*. There is an
action of Np on X and a diagonal action on X X g; 1 with a moment map

px2: X xgi1 —rnet,  (2,0) — m2(dx () + Xo + ad” (v)Xs.
There is also an action of N; and a moment map
pxg: X xgi1 — 0", (z,v) — mi(ox(z)) + X1 +ad*(v)x;

such that the following diagram is commutative:

*

wxs_on

X x 91,1

ux,\

*

ng.
Corollary 2.3.4.1. Assume Conditions (% ). The following properties hold:

1. the action of Ny descends to the quotient ux 1~ 1(0)//N1 and there is an
induced moment map px o : px1 +(0)//N1 — no*,

2. the action induces an Ny-equivariant isomorphism
No x ¢x 1 (S2) 2 pux,0(0),

where the left-hand side is equipped with the action of left multiplication
on Ny,

3. there is a Poisson isomorphism

px2 " (0)//N2 2= px o~ (0)//No

induced by the inclusion pux 2~ (0) C px.171(0).
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Proof. The argument is similar to the one of Theorem 2.3.3.3. The general
theory of reduction by stages (Lemma 2.1.4.3) gives the action of Ny and a
moment map. The isomorphism isomorphism

N1 X (=x2 +[g,e1]" Nng™) = w1 (0y),
thanks to Lemma 2.2.4.2, implies an isomorphism
N1 x ((—x2 + [ e1] Nng™) xge X) 2y o7 (0).

The two other statements follow as for Theorem 2.3.3.3. O
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3 - Examples of reduction by stages

In this section, we provide several examples in classical type for the Hamil-
tonian reduction by stage. For the majority of them, these examples are
from [GJ24]. Proposition 3.1.2.2 is from [GJ25].

It is well-known that in all classical types, the nilpotent orbits of a simple
Lie algebra are parametrised by partitions [CN93, Chapter 5|. A partition of
the positive integer n is a nonincreasing sequences of positive integers

T
ae = (a1,...,a,) such that Zai =n.
i=1

When in a subsequence (aj, ...,a;) of ae, all ai’s are equal to an integer a,
the subsequence is compactly written as (a/~*T1). A partition is represented
by its associated Young diagram.

To classify good gradings in classical types, Elashvili and Kac introduced
the notion of pyramid in [EX05]. Roughly speaking, these pyramids are built
by shifting the rows in a Young diagram and fixing a bijective labeling of the
boxes by numbers between 1 and n. To draw our pyramids, we use the same
conventions as in [BGO7]. We draw a pyramid in the zy-plane so that the
rows are parallel to the z-axis. We assume that the box size is twice the unit
length in this coordinate system. From this pyramid, one can build a nilpotent
element f and a semisimple element H defining a good grading for f.

Not that we follow the convention of [AvIEEN24]|, that is slightly different
from [BGO7]. In [BGO7], they fixe e and they deal with good gradings such
that e € go. In [AvEM24] and the present thesis, one takes an alternative
convention by fixing f such that f belongs to g_s.

3.1. Examples in type A

Let r > 1 be an integer, set n := r+1 and let sl,, be the simple Lie algebra
of type A,.

3.1.1. Hook-type partitions

We consider a hook-type partition of n:
o = (t,1"7Y, 1<r<n.

The following left-aligned pyramid of shape asf) represented in Figure 3.1 de-

fines a nilpotent element
fO = Byy + Ezo+---+Err;.

69



(41

Figure 3.1: Pyramid for hook partition (£,1,...,1)

and an even good grading corresponding to the coadjoint action of

(-1 (-1 (-1 -1 (-1
HO ::diag(—T,...,—i,—i—kz...

For any integers 1 < {1 < (5 < n, the corresponding two good gradings satisfy
Conditions ().
The positive part is given by:

n) = Span{E;; | 1<i<( -1, i<j<n}

Proposition 3.1.1.1. For any integers 1 < [1 < (2 < n, consider the hook-
type nilpotent elements

fri= 1 and fo = f0.
Reduction by stages holds between their Slodowy slices.

3.1.2. Hook on top

Consider two partitions of n the form

all) = (a1,...,ar,a,1%) and al? = (a1,...,ar,a+1,1°71).
These partitions start with the same element aq,...,a, and finish with two
different hook-type partitions, (a,1°) and (a + 1,1°71).

We associate to theses partitions the pyramids P} and P; as follows. Both
pyramids start with the same first 7 rows of length (aq,...,a,), that we draw
left-aligned and with the same labels. The hook-type part (a, 1%) of P is also
left aligned, but there is a half-box shift between the rows (ay,...,a,) and the
hook-type part. Fix an arbitrary labeling of these boxes. The hook-type part
of P5 is built in two steps:

1. shift the hook-type part (a, 1%) of Py by half a box to the right,

2. move the boxes corresponding to the part (1°) by one box to the left and
one box down.
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Figure 3.2: Examples of pyramids

13

B EE
11 12
10[9] 11]10[ 9
s[7]6]5 8|7]6]5
4[3]2]1 4]3]2]1

Example 3.1.2.1. Consider the following partitions of n = 9:
al’ = (4,4,2,1%) and al? = (4,4,3,1%).

The associated pyramids are drawn in Figure 3.2.

Proposition 3.1.2.2. For i = 1,2, let f; be a nilpotent matriz and H; be
the diagonal element in sl, corresponding to the pyramid P; described above.
Then, the pairs (f1, H1) and (f2, H2) satisfy the condition (%) and reduction
by stages holds.

Proof. From the left to the right, and from the bottom to the top, denote by
Jls-«sJasJat1s-- -5 Jatrb the labels in the hook-type part (in Example 3.1.2.1,
these labels are 9,10, 11,12, 13).

Take 1 < j,k < n. Let Igi), respectively x,(j), be the abscissa of the center
of the box labeled with j, respectively with k. Then

[Hi, Ejg) = (@1 — 2)) .

The nilpotent element f; is the sum of elementary matrices Ej;j such that

the boxes labeled by j and k are in the same row and xg.i) — a;g) = —2. Then
fo= f2— fiis equal to Ej_,, ;, and since xg-i)ﬂ = a:;.?, one has [Hi, fo] = 0.

Let us prove that for any labels 7, k,

if x&l) — x,(:) > 2 then x§-2) — x,(f) > 1,
if :U(-2) — :L‘l(f) >1 then ac(-l) — x,(gl) >0,

<

if |x§-1) — 951(:)’ =1 then |x§1) — a:,(:)\ €{0,1,2}.

If 7 labels one box in the hook-type part and k labels a box in the first r rows,
it is because the relative position between a box in the hook-type part and a
box in the first r rows only vary of half a box when Pj is turned into P». The
other cases are clear.

Hence the conditions (%) are all satisfied. O
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Remark 3.1.2.3. This family of examples contains cases which are already
known, see Table 1.2. However, some reduction by stages from [FFFN24,
FICN24] are not covered by this family. For example, g = sly, f1 being a
rectangular nilpotent element (partition (2,2)) and f being a subregular one.

3.2. Examples in other types

3.2.1. Type B

Set n == 2r + 1 for r > 2 an integer. We realize the simple Lie algebra of
type B, as the following subalgebra of sl,,:

0 1
so, = {zesl, | 'K 4+ Kz =0}, K:z( >
1 (0

where 2" denotes the transpose of z. As in [EK05, BGOT7], we take the sym-
metric set
I, ={-r,...,—2,-1,0,1,2,...,r}

as indexation for the canonical basis of C", with the following order:
v_p =(1,0,...,0), wv_p11=(0,1,...,0), ... wv.=(0,0,...,1).

We change the numbering of the elementary matrices F;; to have ¢,j in I,
and to respect the order we have chosen for the basis.
Consider the regular nilpotent element

r—1 r—1
f2 = g Eii1;— E E_;_i1
=0 i=0

corresponding to the regular orthogonal partition a£2) := (n). We consider the

Dynkin grading which is induced by the adjoint action of the diagonal matrix
Hjy = diag(2r,...,4,2,0,—2,—4,...,—=2r).
The positive part is given by:
ny = Span{FE;; | i <je€l,}Nsoy,.

We consider the subregular orthogonal partition asl) = (n —2,12) of n.
We associate to it the orthogonal pyramid of Figure 3.3. From this pyramid
we can construct the nilpotent element

r—2 r—2
f1= E Eij1i— E E_; i1
=0 i=0
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of type asl) and an even good grading for f; induced by the adjoint action of

H, = diag(2r—2,2r—2,2r—4,2r—6,...,2,0,2,...,6—2r,4—2r,2—2r,2—-2r).
The positive part is given by:
n =Span{FE;; |i<jel,, i<r—1, j>—r+1}Nso,.
Conditions (%) are satisfied by these two good gradings.

Proposition 3.2.1.1. The Slodowy slice to a reqular nilpotent element in so,
1s a Hamiltonian reduction of the slice to a subregular nilpotent element in so,,.

3.2.2. Type C

Set n = 2r for r > 3 an integer. We realize the simple Lie algebra of
type C, as the following subalgebra of sl,,:

sp, ={zcsl, |2+ Jrx=0}, J= _11'
1
As in [EK05, BGOT7], we take the symmetric set
I, ={-r...,—2,—-1,1,2,...,r}
as indexation for the canonical basis of C", with the following order:
v_p =(1,0,...,0), wv_p11=(0,1,...,0), ... wv.=(0,0,...,1).

We change the numbering of the elementary matrices F;; to have ¢,j in I,
and to respect the order we have chosen for the basis.
Consider the regular nilpotent element

r—1 r—1
for=BEi 1+ Eii—Y Eoiia
i=1 i=1

corresponding to the partition a£2) := (n). We consider the Dynkin grading
induced by the adjoint action of

Hy = hg ==diag(2r—1,...,3,1,—-1,-3,...,1 —2r).
It is even and the corresponding positive part is given by:
ng = Span{F;; | i <je€ I} Nsp,.

(1)

We consider the symplectic partition ae ' = (22, 1"=4) of n. It corresponds
to the second smallest nonzero nilpotent orbit, after the minimal one. We
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—1
1—r|—T
—r
T o|r—1
r—1(r—2 2—7r(l—r
r
1
Figure 3.3: Orthogonal pyramid for Figure 3.4: Symplectic pyramid for
subregular parition (n —2,1,1) partition (2,2,1,...,1)

associate to it the symplectic pyramid of Figure 3.4. From this pyramid we
can construct the nilpotent element

fl = Er,rfl - EfrJrl,fr

of type asl) and an even good grading for f; induced by the adjoint action
of the diagonal matrix H; := diag(2,0,...,0,0,...,0,—2). The corresponding

positive part is:
n =Span{E_,;, Ej, |i>—r, j<r}Nsp,.
The two good gradings satisfy Conditions (¥).

Proposition 3.2.2.1. In type C,., r > 3, the reqular Slodowy slice is a Hamil-
tonian reduction of the slice corresponding to (22,177%).

3.2.3. Type G
Let g be the simple Lie algebra of type Go. For a concrete construction
of this exceptionnal Lie algebra, one can see [Hum72, Section 19.3|, where g

is build as a subalgebra of the classical simple algebra of type Bs. Let b be
a Cartan subalgebra of g and Ay be a set of positive roots of g with simple
roots IT = {a1, as}, where oy is a short root and «o is a long root. Then

Ay = {a1, 09,01 + a2, 201 + az,3a1 + az, 301 + 2as}.

Choose positive root vectors ey, for a € A, and negative root vectors f,, for
o € A_ = —A,. Using the normalized symmetric invariant bilinear form on
g, we have an isomorphism h = h*. Denote by h; the vector in h corresponding
to a; so that a;(hj) = (ouleyj). Let

1= foartas,  J2 = fas + fra14as-
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Then f; is a nilpotent element labeled by A; in the Bala-Carter theory and
f2 is a subregular nilpotent element. We have sly-triples (ex, zg, fx) in g, for
k =1,2, where

x1 = 6h1 4+ 3ha, x9 = 6hy + 4ho.
v
coweight in b defined by ai(w}/) = d;j. Let g = Djcz ggk) be the Dynkin
gradings on g defined by ad(xy) for k = 1,2. Then

Equivalently, 1 = @) and z2 = 2wy, where w, is the i-the fundamental

1) (1) (1) (1)

=9 309,09 1Dy, D 951) D 9(21)
2 2 . (2

2 2
=g e g% ag?ed? og?

&gy

and

1 1 1
Qg = Ceal @ Cea1+a2v Qé ) = Ce?al-i-azv gi(% ) = Ce3a1+a2 D Ce3a1+20427

(2) (2)

2
92 = C€a2 S C€a1+a2 S C€2a1+a2 2 Ce3a1+a2a 94 = Ce3a1+2a2-

These good gradings satisfy Conditions (% ). We may take [} = Ceqn;+ay
as a Lagrangian subspace in ggl) with respect to the symplectic form (z,y) —

(f1llz, y])- Set

n=04L® le) @ gz(gl)a ng = 952) @ 9512)-

Proposition 3.2.3.1. Let g be the simple Lie algebra of type Go. Then the
Slodowy slice to a subregular nilpotent element in g is a Hamiltonian reduction
of the slice to a nilpotent element in g whose Bala-Carter label is A;.
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4 - Quantum reduction by stages and finite
W-algebras

4.1. Reduction by stages for noncommutative algebras

In this section we recall standard definitions and facts about quantisa-
tions of affine Poisson schemes by filtered associative algebras, for instance
see [ACET24, Section 2|. We develop a general theory of Gy -equivariant ac-
tions of a graded algebraic group on a filtered vector space and a sufficient
condition to compute the invariants of the graded module associated with a
filtered module on a graded unipotent group (Proposition 4.1.2.5). We recall
standard definitions and facts about quantum Hamiltonian reductions [GGOG6,
Section 7|, but in a slightly more general setting for which a pair of groups
is considered, and we give a sufficient condition for the quantum Hamiltonian
reduction to be the quantisation of a geometric Hamiltonian reduction, when
the acting group is unipotent (Theorem 4.1.3.8). We introduce Hamiltonian
reduction by stages in the noncommutative setting.

4.1.1. Quantisation of a Poisson scheme

Let V4 be a filtered vector space, that is to say a vector space V equipped
with an increasing filtration by linear subspaces V,, for p in Z. The associated
graded vector space is

gryV = @grp V, where gr,V :=V,/V, 1.
PEZ
For v in Vj, denote by [v], its class in the quotient gr, V.

Let A, be a filtered algebra, that is to say a (possibly noncommutative)
associative unital algebra A equipped with an increasing filtration such that
for any p, ¢ in Z, there is the inclusion A, Ay € Ap4q. Then gr, A is a graded
algebra. The filtered algebra A, is called almost commutative of degree —k,
for £ > 1 an integer, if for any p, q in Z, there is the inclusion

[ﬂpv ﬂq} - ﬂerq*k-

For such an almost commutative algebra, gr, A is commutative and equipped
with the following Poisson bracket:

{[a]pv [b]q} = [ab — ba]erqfk:
where a is in A, and b is in Aj,.

Let X be an affine Poisson scheme such that its coordinate ring is equipped
with an algebra Z-grading:

ClxX]. = P ClX],.

pEZ
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We assume that the Poisson bracket is homogeneous of degree —k: for any p, g
in Z, there is the inclusion

{C[X]p, C[X]g} € ClX]prg—t-

A quantisation of X is the data of a filtered algebra A, that is almost com-
mutative of degree —k and a Poisson graded isomorphism C[X], & gr, A.

Example 4.1.1.1. Let g be a finite dimensional Lie algebra. The universal
enveloping algebra U(g) is the quotient of the tensor algebra €, g®™ by the
two-sided ideal spanned by z ® y —y ® x — [z, y] for z,y in g.

The grading on the tensor algebra induces a filtration on U(g), called the
PBW (Poincaré-Birkhoff-Witt) filtration. It is in fact almost commutative of
degree —1 and it is a quantisation of the Poisson variety g* = Spec(Sym g)
defined in Example 2.1.2.1.

Ezample 4.1.1.2. Let (V,w) be a symplectic vector space. The associated Weyl
algebra W(V') is the quotient of the tensor algebra P, V" by the two-sided
ideal spanned by v ® w — w ® v — w(v,w)1. It is a quantisation of the Poisson
variety V' = Spec(Sym V') defined in Example 2.1.2.3.

4.1.2. Graded group, filtered module and invariants

Recall that the data of a Z-grading V, on a vector space V is equivalent
to the data of Gp-module structure on V. If p: V — C[t,t "] ®c V is the
comodule structure, then

Vp={veV|pw) =tov} for peZ

If X is an affine scheme equipped with an action p : G, x X — X, then
C[X] is graded by

C[X], ={F € C[X] | p*(F)=t?®F} for pcZ.

Let N be an algebraic group and n be its Lie algebra. The data of a Lie
algebra Z-grading on n is equivalent to the data of an algebraic action of Gy,
on n by Lie algebra automorphisms. By analogy, a grading on N is the data of
an action of Gy, on IV by algebraic group automorphisms. Note that a grading
on N induces a grading on n.

If N is graded by a Gy-action, denote by N~ its opposite graded group,
that is defined as the same underlying algebraic group equipped the inverse
G -action.

Example 4.1.2.1. Let G be a connected algebraic group whose Lie algebra g
is simple and equipped with a Lie algebra grading. This Lie algebra grading
corresponds to a group homomorphism Gy, — G.q, where G,q is the adjoint
group of g, that is to say the connected component of the identity in the
group Autric(g) of Lie algebra automorphisms of g.
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Using the fact that G,q is isomorphic to the quotient of G by its centre,
the conjugation action of G on itself induces an action of G,q on G by group
automorphisms. Composing this action with the homomorphism Gy, — Gagq,
we get a grading on G.

When N is graded, the semidirect product N x Gy, makes sense. A vector
space V equipped with a an N x Gy-module structure is called a graded N -
module. In particular, the Gy -action equips V with a Z-grading. If N is
connected, a graded N-module V, is equivalently defined as an N-module V
equipped with a Z-grading such that, for any ¢ and p in Z, ns -V, C Vs,
Ezxample 4.1.2.2. Let N be a graded algebraic group and X be an affine scheme
equipped with Gy,-action. If there is a Gy-equivariant action p: N x X — X,
then p* : C[X] — C[N] ®c C[X] composed with the co-inverse makes V, a
graded N~ -module.

In particular, if N is connected, the action p is Gy -equivariant if and only
if for any § and p in Z, the inclusion ns - C[X], C C[X],_; holds.

Lemma 4.1.2.3. If N is graded and V4 is a graded N-module, then the sub-
spaces V;DN =VNn Vi, for p in Z, define a grading on VN,

Proof. According to Lemma 2.1.4.1 applied to the N x Gy -module V, the
action of G, stabilises V. O

Notice that an N-module V is graded if V is a graded vector space and
the comodule structure p : Vo — C[N]s @c Ve is a graded homomorphism. By
analogy, we call a filtered N-module a filtered vector space V, equipped with a
co-action p : Vg — C[N]e ®c Vs that is a filtered homomorphism.

Lemma 4.1.2.4. If N is graded and Vs is a filtered N-module, then gr, V has
an induced graded N-module structure.

Proof. Take the graded homomorphism associated with the filtered co-action,
it gives the graded N-module structure on gr, V. 0

Assume that N is connected. Recall that for an N-module V', the level 0
of the Lie algebra cohomology computes the N-invariants:

Hon,V)=Vv"=V",
The following proposition is a generalisation of [(G(G02, Proposition 5.2].

Proposition 4.1.2.5. Letn = EB6€Z<0 ns be a negatively graded finite-dimensional
Lie algebra, N be the corresponding unipotent group and Ve be a filtered N -
module. Make the following assumptions:

1. the subspaces V, are zero forp <0 and V = Up>0 Vp,
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2. there is an isomorphism C[N]®@c W = gr'V' of N-modules, where C[N]
1s equipped with the left-multiplication action and W denotes a trivial
N-module.

Then there is a natural graded linear isomorphism
gr (V) = (g, V).
Moreover the Lie algebra cohomology H™(n, V') is zero whenever n # 0.

Proof. Introduce the Chevalley-Eilenberg complex for the n-module V:
c* =V (e] /\'n*,

where A°®n* denotes the exterior algebra of n*. Consider the dual Z-grading
on n*, that is negative: n* = @5€Z> ng. For pin Z and n > 0, define the
linear subspace

F,C" = Y Voo i Ao Ang).

(,61,....00n€Z
(461 F-48n<p

This defines a filtration on the complex such that the differential verifies the
inclusion d(F, C*) C F,, C* for all p in Z. According to [Wei97, Section 5.4],
there is a spectral sequence {(E,,d,)}22, associated with this filtered cochain

complex.
For p, q in Z, the page 0 is given by:

I J— F - —
EgY = gr, CI7P = @ gre V ®c (ng, A+ Anj_ ).
(+81+-+0g—p=p

It is the Chevalley—Eilenberg complex for the n-module gr V: for n € Z, there
is the identification

P B = gr V e A",
pEZ

Hence the page 1 is the Lie algebra cohomology of gr V:

P E™H =H" (n,er V).
pEZ

By using the n-equivariant isomorphism C[N]| ®@c W = grV, we get
H'(n,grV) =W @c H"(n, C[N]).

But the cohomology H"(n, C[N]) coincides with the algebraic de Rham co-
homology of N. Because N is isomorphic to the affine space CH™ Y (by the
exponential map exp : n — N), its cohomology is given by

H"(n, C[N]) 2 8, C.
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Hence, the first page E*? is zero unless p = ¢: the spectral sequence collapses.

Notice that the subspaces F), C' are zero for p < 0 and F,,C = Up>0 F,C.
Moreover the spectral sequence is regular because it collapses. Hence, accord-
ing to [Wei97, Theorem 5.5.10], the spectral sequence weakly converges to the
Lie algebra cohomology of V: the infinity page is given by

ERT = gry HI7P(C*).

Because of the collapsing we get E5! = EP?. In particular, taking p = ¢, we
see that the natural embedding

gre(VY) = gra(V") = (gr, V)" = (er V)™
induced by the inclusion VY C V is an isomorphism. O

4.1.3. Quantum Hamiltonian reduction
Let M, N be two affine algebraic groups such that M is a normal subgroup
of N, and denote by m,n their respective Lie algebras. Assume that N acts
on an associative unital algebra A by algebra automorphisms. Assume the
existence of an N-equivariant Lie algebra homomorphism  : m — A fitting
in the following commutative triangle:

m action Der ﬂ

(4.1.3.1) ﬁ\ %H[F,q
A

The map i is called a quantum comoment map.

Denote by I the left ideal of 4 spanned by the 7i(z) for # in m. The
N-action stabilises the ideal T and descends to the quotient A/ f, that is a left
A-module.

Lemma 4.1.3.2. The invariant subspace (ﬂ/[) is an associative algebra for
the multiplication defined for Fy mod I, Fy mod I € (ﬂ/I)N by the formula

(Fy mod I) - (Fy mod 1) == (Fy - F3) mod 1.
The algebra (A /1)Y is called quantum Hamiltonian reduction.
Proof. Introduce the associative subalgebra
B={FeA|forallge N, g-F - F e I}.

We need to prove that @ is an algebra and that I3 is included in f, so I is
a two-sided ideal of B and (A/I)N = B/T is an algebra. The proof is then
analogous to the proof of Lemma 2.1.2.5, with the bracket [e, o] playing the
role of the Poisson bracket {e,e}. O
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Assume that n = P sez., o 1s equipped with a negative Lie algebra grad-
ing and that m is a graded subalgebra. Moreover, assume that N and M
connected. Let A, be an almost commutative algebra of degree —k. By defi-
nition, A, is a quantisation of the affine Poisson scheme X := Spec(gr A).

Consider an action of N acts on A, by algebra automorphisms with a
quantum comoment map i : m — A. We say that the quantum comoment
map is of degree k if for any § in Z and for any = in my, fi(z) belongs to Ay1s. In
this case, the algebra A, is a filtered N-module. According to Lemma 4.1.2.4,
there is an induced action of N on X by Poisson automorphisms and C[X], is
a graded N-module.

Lemma 4.1.3.3. Assume that i : m — A is of degree k. Then there is an
induced N -equivariant momemt map p : X — m* whose comorphism is the
graded map gr i associated with the quantum comoment map.

Denote by T the left ideal of A spanned by the zi(x) for x in m. It has an
induced filtration defined for p in Z by 1, Ip = =7 NAp. The quotient A / T has an
induced filtration too, defined by (ﬂ/I)p = ﬂp/I . Hence there is an exact
sequence

0— I, — As — (A/T)s — 0

of filtered homomorphisms. The quantum Hamiltonian reduction (A /)N has
an induced filtration defined by

(/DY) = (A/Dn(A/DN for peZ.
The following lemma is well-known, see for instance [ACET24, Lemma 2.3].
Lemma 4.1.3.4. The induced graded homomorphism sequence
(4.1.3.5) 0—sgry] —sgry A —s gry(A/I) — 0
18 exact.

Under the assumptions of Lemma 4.1.3.3, introduce I the left ideal of C[X]
spanned by the p*(z) for  in m. Hence there is an exact sequence

(4.1.3.6) 0 — Iy — C[X]e — C[u"'(0)]e — 0

of graded homomorphisms. The graded ring C[u~!(0)]s is a graded N°P-
module. Hence, Lemma 4.1.2.3 implies that C[u~1(0)//N] is a graded subring
of Clu1(0))..

Lemma 4.1.3.7. The exact sequences (4.1.3.5) and (4.1.3.6) of graded homo-
morphisms are isomorphic.
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Proof. Because the comorphism p* identifies to gr p through the graded algebra
isomorphism C[X], = gr, A, this isomorphism identifies the ideal I, to gr, I,
and the quotient are automatically identified. O

The following theorem generalises [G(:02, Theorem 4.1].

Theorem 4.1.3.8. Let N be a unipotent algebraic group such that its Lie
algebra n = @56Z<0 ng 1s negatively graded. Let Ao be an almost commutative
algebra of degree —k with an action of N by algebra automorphisms and let
i:m— A be an N-equivariant quantum comoment map of degree k. Define
the affine Poisson scheme X = Spec(gry A) and the moment map p: X — m*
such that gr g = p*. Make the following assumptions:

1. the induced filtration on the quotient J’Z/T s nonnegative,

2. there is a closed subscheme S of u=1(0) such that the action map
a:NxS—u0), (g2)r—g-z
is an isomorphism.

Then there is a natural graded Poisson isomorphism
gre ((A/T)N) = Clu™ (0)//N]..

Proof. First, there is a graded algebra isomorphism gr,(A/ T ) = Clu=1(0)]s

that is N-equivariant by Lemma 4.1.3.7, hence we have an graded algebra
isomorphism

SN _

(gro(A/D)" = Clu™ ' (O)1.

We have an N-module isomorphism C[u~!(0)] = C[N]®cC[S]. By Propo-
sition 4.1.2.5, we get that the natural graded algebra embedding

gro (/DN — (gro (/D))"

is an isomorphism.
By composing the two previous maps, we get an algebra isomorphism given
for p in Z by

~ ~

gt (A /)Y = Clp™H(0)]7,  [a mod I], — [a], mod I,

and by definitions of the Poisson bracket on the left-hand side and on the
Hamiltonian reduction, this isomorphism is compatible with the Poisson struc-
tures. O
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4.1.4. Quantum reduction by stages

It is a natural analogue of the construction from Section 2.1.4. Consider
a linear algebraic group No and Ni, Ny two closed subgroups such that Nj is
a normal subgroup and the semidirect product decomposition No = N7 x Ny
holds.

Let A be an associative unital algebra with an action of No by algebra
automorphisms and an Ns-equivariant quantum moment map s : no — A.
The restriction of this quantum comoment map to ny, denoted by 7 : ny — A
is a quantum comoment map for the Ni-action obtained by restriction, and it
is Na-equivariant. For ¢ = 1,2, denote by fz the left ideal of A spanned by
the fi;(x) for z in n;.

The action of Ny descends to A/ T; because the ideal is stabilised by the
Ns-action, since [ig is No-equivariant. According to Lemma 2.1.4.1, there is an
induced action of Ny on (A/I;)MN.

Lemma 4.1.4.1. The induced action of Ny on (A/T})™ has a quantum co-
moment map fg : ng — (A /I1)N induced by the projection of fia to A /1.

Proof. By restriction and projection, we can define a map fig : ng — ﬂ/fl
such that the following diagram commutes:

115} L) A
ng —— A/fl.
Ho

Explicitely, for any x in ng, one has

~

fio(z) = fia(x) mod .

We claim that for any g in Ny, g - fio(x) = fig(z). It is equivalent to prove
that ¢ - fia(2) — fi2(z) = fi2(Ad(g)z — z) belongs to I;. This follows from the
fact that Ad(g)x — x belongs to ny, see the proof of Lemma 2.1.4.2. So we get
the desired map fip : ng — (A/ fl)N 1. Proving that it is a comoment map is
done in the same way as in the proof of Lemma 2.1.4.3. O

Denote by Iy the left ideal of (A /I;)™* spanned by the Jig(z) for x in ny.

Proposition 4.1.4.2. The projection ﬂ/fl —» ﬂ/fg induces a well defined
Ny-equivariant homomorphism

(4.1.4.3) (A/T)N Ty — (A )T)™M.
It induces an algebra homomorphism between the Hamuiltonian reductions:
(4.1.4.4) (/TN /To)™ — (A I)™e.

If (4.1.4.3) is an isomorphism, then so is (4.1.4.4).
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Figure 4.1: Quantum reduction by stages homomorphism

AT, ———— A/

N AN

J

(A/ TN ——— (A )M

A
3

(A TN /1

(A/T)M 1) —— (A T)™:

Proof. Because of the Nj-equivariance, the projection induces a homomor-
phism
(A /TN Ty — (A I)™M,

and this homomorphisms maps clearly fo to 0, so (4.1.4.3) is well-defined.
Taking the Np-invariant and using Lemma 2.1.4.1, one gets (4.1.4.4). The last
part of the statement is clear. ]

The construction of this section is summarized in Figure 4.1.

4.2. Construction of finite W-algebras

We give a definition of the finite W-algebras U(g, f) as quantum Hamilto-
nian reduction, following the original idea of Premet [Pre02]| but in a formula-
tion inspired by [DDCDS T 06] (where they consider Hamiltonian reduction with
respect to a nontrivial coadjoint orbit). We recall the construction of the Kazh-
dan filtration on U(g, f) and the proof of the Poisson isomorphism between
the graded algebra grU(g, f) and C[Sf] (Theorem 4.2.3.1), due to [GG02].
We give an elementary construction of a PBW basis on this W-algebra (Corol-
lary 4.2.3.5).

4.2.1. Kazhdan filtration

Keep the notations from Section 2.2: g is a simple finite-dimensional com-
plex Lie algebra, b is a Cartan subalgebra of g and G be a connected algebraic
group whose Lie algebra is g. Denote by (e|e) := (24") ', the normalised
non-degenerate symmetric bilinear form on g. Let f a nilpotent element of g
and g = @;cz 05 be a good grading for f defined by the adjoint action of a
semisimple element H in h.
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Let U(g) be the universal enveloping algebra of the simple Lie algebra g.
Its PBW filtration is defined by

n
u(g);l:))BW = Z{l‘ll‘n ﬂ?l,---,ﬂ?neg}
n=0

for p > 0 an integer.
The good grading induces a filtration on U(g), called the Kazhdan filtration,
that is defined for p in Z by:

Ug)y= Y {Felle),"V|[H F]=0F}

2n—0<p
= @IF e @Y, | [H,F] =5 F}.
5€Z 2

The natural embedding g C U(g) induces an embedding g; C U(g)2—s for o
in Z.

Let {z1,...,z,} be an ordered basis of g that is homogenous for the good
grading and call §(z;) the degree of x;. By the Poincaré-Birkhoff-Witt Theo-
rem [Hum?72, Corollary 17.3.C|, the ordered products

{i - wy [ k20, 1<ip <+~ <ip <71}

form a basis of U(g), called PBW basis.

Lemma 4.2.1.1. For for p in Z, U(g), admits for basis the subfamily
{zi - wiy | 2k = (0(zs,) + -+ 6(23,)) < p}-

Proof. It is clear that theses products belong to U(g), because H acts by
derivation, so

[H> Ly = xlk] = (5($i1) et 5($1k)) Lig = Ly,

and 0 == (x1) +- - -+ (xy) satisfies 2k — 6 < p. To conclude, we need to check
they span everything.

Take a generator Y of U(g),. By definition, Y = y; - v, is a product of
elements y; in U(g) and if § is in Z such that 2n — 6 < p and [H,Y] = §Y.
Write Y in the PBW basis

Y = E Cir,igTiy - Tiy, Wwhere ¢ 4, € C.

1<y << <r

Applying the bracket of H on both sides and identifying, we see that the
right-hand side sum must be H-homogeneous of degree d, hence

Y = Z Ciy,ipgTiy = Ly,
5({E¢1)+---+5($¢k)=5

is a linear combination of the desired products. ]
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Because the good grading is a Lie algebra grading and g spans U(g) as an
algebra, we easily check the inclusion

[U(g)p, U(g)g] € U(G)p+q—2 for p,qeZ

According to Section 4.1.1, the filtered algebra U(g) is almost commutative
of degree —2 and the associated graded algebra gr, U(g) is commutative and
Poisson.

The definition of this filtration is related to the G,-action that is defined
in (2.2.3.5), p: G, — Autc(g*), and corresponds to a co-action

p*: Clg*] — C[t,t7!] ®¢ Clg*].
The Kazhdan grading on Clg*] = Sym g is defined for all p in Z by
Clg*ly ={F € Clg"] | p"(F) =t" @ F}.
Any element z in gs, for 4 in Z, belongs to C[g*]2—s, so we deduce that

Clg*l, = @ {z1-ap|21,...;zn €9, {Hyxr1--xp}=0x1 - 20}
2n—o=p

By the same kind of argumentq as for Lemma 4.2.1.1, we see that if
{z1,...,2,} is a homogeneous basis of g, where d(x;) denotes the degree of
x;, then the ordered products

E>20, 1<t < <4 <7
framu | }
p

form a basis of C[g*],.

Proposition 4.2.1.2 (|[GG02]). The linear map g — gr U(g) sending x in gs
to [x]a—s, for § in Z induces a graded Poisson algebra isomorphism

Clg"]e = gr, U(g)-
Hence U(g) is a quantisation of g*.

Proof. Tt is clear that the mapping defines a Lie algebra map g — gr, U(g),
where the right-hand side is equipped with the Poisson bracket coming from
the filtration. Then there is a graded Poisson algebra homomorphism

(4.2.1.3) Clg™le — gr, U(g)-

To check it is an isomorphism, we use Lemma 4.2.1.1. Let {z1,...,2,} be
a homogeneous basis of g, where §(z;) denotes the degree of x;. For p in Z,
the lemma implies that gr, U(g) admits for basis the products

{[xil ezl

k=20, 1< < - <ip<r }
2k — (0(xiy) + -+ 0(zi,)) =p
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Because of the equality

[iy -+ @iy ]p = [171'1]275(%) T [ﬂfz‘k]zfa(xik),

it is now clear that the map (4.2.1.3) is an isomorphism because it map a basis

of C[g*], to a basis of gr, U(g). O

4.2.2. Quantum Hamiltonian reduction

Let [ be an isotropic subspace of the symplectic space (g1, w). Let Ny be the
unipotent subgroup of G whose Lie algebra is ny = [, Denote by y = (f|e)
the linear form on g associated with f and by | its restriction to n;. Recall that
there is a symplectic isomorphism o7 : [% /[ — Oy, where ©O; = Ad*(N)x;.

The group N, acts on U(g) by the adjoint action. It also acts on [+ /I
by symplectic automorphisms, so its acts on the Weyl algebra (I /I) that
was defined in Example 4.1.1.2. We get a diagonal action on the tensor prod-
uct U(g) ®c W (I /1) by algebra automorphisms.

It is not difficult to check that this action has a quantum comoment map

i s v — U(g) @c W(IH/1)
defined for any element x in n; by

r®1+1® (rmodl) if zeclb,
(4.2.2.1) () = r®@1+x(z)l if x € go,
r®1 otherwise.

Let I} be the left ideal of U(g) @c W(I-¥ /1) spanned by the jif(z) for z in ny
and set
Q = (U(g) ®c W+ /1) /1

the corresponding quotient left module.

Definition 4.2.2.2 ([Prc02, GGO02|). The finite W-algebra associated with
g and f is defined as the quantum Hamiltonian reduction corresponding to the
comoment map [ and is denoted by:

u(gv f) = QZN[-

Remark 4.2.2.3. Up to algebra isomorphism, this definition only depends on
the nilpotent orbit O containing f [BG07, Section 4 and 5|. This can be proved
by using the results from Section 2.2.5 and the Kazhdan filtration described
below, see [G(G02, Section 5.5] for a proof.

In Section 6.1.2, we prove the equivalence of the definitions for affine W-
algebras by using an intermediary orbit. Note that this proof has an obvious
analogue for finite W-algebra.
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Introduce the filtration on /(I /I) that is defined for p in Z by:
W /1), = Z{vl v | VL, € YL

n<p

In particular, [¢/[ is naturally included in /(1% /l);. By tensor product,
we get an induced Kazhdan filtration on U(g) ®c W (I /1) defined by

(U(g) ®c [L‘”/ Z U(g); @c W/, for peZ,
i+j<p

The good grading induces a grading on Ny. Moreover, we have the inclusion

figs) C (U(g) @c W(IH/1))a-s

for any 0 in Z. So by Section 4.1.2, U(g) ®c W(IH+/1) is a filtered N;~-
module, where the “—” supscript means that we are considering the opposite
grading of the good grading (see Section 4.1.2 for the definitions). The ideal f[,
the quotient Q; and then the Hamiltonian reduction U(g, f) have an induced
Kazhdan filtration.

4.2.3. Quantisation of the Slodowy slice

In Section 2.2.3, we introduced the moment map
gt x (F99/0) — n*, (&, v mod ) — m(€) + X, + ad*(v)x,,

where 7 : g* — n/* is the restriction map. If we equip [/l with the G-
action by scalar multiplication, g* and n/* with the action p, then this moment
map is Gp-equivariant and g ~1(0) is a Gp-stable subvariety.

As a direct consequence of Lemma 2.2.3.6 and Example 4.1.2.2 C[u~1(0)]o
is equipped with a graded Ny~ -module structure. Hence,

P(g, ) = Clu (O]

is a graded subspace by Lemma 4.1.2.3. The Poisson bracket of C[g*]@c[(+*/I]
is of degree —2, so the same holds for the Poisson bracket of #(g, f)e-

Theorem 4.2.3.1 (|GG02, Theorem 4.1|). There is a graded Poisson algebra
isomorphism

P(g, fle = gry U(g, f).

Because P(g, f) is isomorphic to the coordinate ring of the Slodowy slice Sy,
the finite W-algebra is a quantisation of the slice.

The proof of Theorem 4.2.3.1 in [G(G02] is a particular case of the proof of
Theorem 4.1.3.8. Let us explain why it applies here.

According to Example 4.1.1.2 there is a graded Poisson isomorphism and
then there is an induced graded isomorphism

(423.2) Clg'ls ©c CIH /1l = gr, (U(g) @c W(1-/1).
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Lemma 4.2.3.3. The graded map gr iy associated with the comoment map
identifies with the comorphism of the twisted moment map . Hence there is
a commutative graded algebra isomorphism

Clu™(0)]e = gre &
induced by the isomorphism (4.2.3.2).

Proof. The identification u* = gr iy is clear by comparing their formulae. The
isomorphism is a consequence of the exact sequence isomorphism given by
Lemma 4.1.3.7 applied to this quantised Hamiltonian reduction. O

Lemma 4.2.3.4. The ideal I contains (U(g) ®c W(E/0))_1. It follows
that Q( and U(g, f) are nonnegatively filtered: ()—1 =0 and U(g, f)—1 = 0.

Proof. The algebra U(g) ®c W (1% /) is generated by the subspaces gs for &
in Z and 1% /1. Note that (U(g) ®c W (I /1))_; is contained in the left-ideal
spanned by g>3 that is contained in fi(n). After taking quotient by f[, the
negative part of the filtration is killed. O

We can conclude the proof of the main theorem.

Proof of Theorem 4.2.3.1. Lemma 4.2.3.4 and the isomorphism
N x Sy 2 p(0)

given by Theorem 2.2.3.3 allow us to apply Theorem 4.1.3.8 to this quantum
Hamiltonian reduction and proves the theorem. O

The bilinear form (e|e) is a nondegenerate pairing between g® and g/, hence
coordinate ring C[Sy]s of the Slodowy slice is isomorphic, as commutative
algebras but not as Poisson algebras, to the symmetric algebra (Sym g/),.
This isomorphism is compatible with the Kazhdan gradings on both sides and
we get a graded algebra isomorphism

Q:gr, Uy, f) — (Symg/ ).

Denote by {z;}¢_; a linear basis of g/ such that each z; is homogeneous for
the good grading, of degree d(x;).

Corollary 4.2.3.5 ([Pre02, Theorem 4.5]). For any 1 < i < ¢, there exists an
element X; belonging to U(g, f)a—s(,) such that Q[Xi]a_s(,)) = i and such
that the ordered products

(Xi X | E20, 1<ip <~ <ip <},

form a basis of U(g, ).
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Remark 4.2.3.6. In [Prc02], Premet constructed a PBW basis of the finite W-
algebra by using positive characteristic machinery. This corollary is also proved
n [BGKO8, Theorem 3.6] by using only characteristic 0.

Proof. Denote by X; a lift of Q7' (x;) in U(g, f)2—s(z,). Because the filtration
on U(g, f) is nonnegative and each piece of the filtration is finite dimensional,
for any p > 0 we have the equality

P
dim U(g, f)p —d1m(@ Sym g”) )
q=0

Moreover the filtration is exhaustive, so we can conclude the proof by
showing that the ordered products X;, - -- X;, satisfying the additional condi-
tion 2k — (0(z,) + -+ + 6(=i,)) < p form a basis of U(g, f), for any p < 0.

Because
QX - XigJok— (@i )+ 460 ) = T+ Ty

and because the ordered products z;, - - - x;, satisfying the same condition form

a basis of @EZO(Symgf)q, we get that the ordered products X, --- X;,_ are

ik
linearly independent.

The equality of dimensions above shows that the number of ordered prod-
ucts Xj, --- X;, equals the dimension of U(g, f),, so they form a basis. The

corollary follows. O

4.3. Reduction by stages for finite W-algebras

This section is devoted to the statement and proof of reduction by stages
for finite W-algebras Theorem 2 (4.3.1.3). The strategy of the proof roughly
follows [(GJ24]. The main point is to study the compatibility of the Kazhdan
filtration induced by Hy with the W-algebra U(g, f1) (Proposition 4.3.2.1), to
use the geometric reduction by stages.

4.3.1. Statement of reduction by stages

For ¢ = 1,2, let f; be a nilpotent element and H; be in the Cartan subal-
gebra b. Assume that the Lie algebra grading g = @ 4 g((si) defined by the
adjoint action of H; is a good grading for f;. Since [Hy, Hs] = 0, the good
gradings define a bigrading g = @51,5262 05,,55- Set fo = fa— fi.

Assume that the conditions (%) holds and consider the nilpotent subalge-
bras no, ny and ng constructed in Section 2.3.1. Recall that the corresponding
unipotent subgroups of the reductive group G satisfy the semi-direct product
decomposition No = N1 x Ny. For ¢ = 1, 2, one has by definition

n =L e 9(;)27
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where [; is an isotropic subspace of ggz)l such that there is a symplectic isomor-
phism gy 1 = [;1%i /1;.

The group N; acts on U(g) ®c W(g1,1) with a quantum comoment map
fii = fiy, : v — U(g) ®c W(-/1)

defined by the formula (4.2.2.1). By Hamiltonian reduction, one gets the finite
W-algebra
U(g, f;) = 4™,

where Q; == (U (9) ®c W(glyl))/fi is the quotient by the left ideal spanned by
the f1;(z) for x in n;.

Lemma 4.3.1.1. The following triangle commutes:

no \ﬁZ}
U(g) ®c W(g1,1)-
n ﬁl

Lemma 4.3.1.2. The map
ng — U(g, f1), m|—>x®1modf1
is an embedding of Lie algebras.

Proof. The lemma follows if we prove that for all  in ng, z® 1 mod L belongs
to the W-algebra. We just need to check that for all y in ny, [y, 2] ® 1 belongs
to I;. Notice the vanishing

x1(ly, z]) = (filly, 2]) = ([, filly) = 0,
because ng commutes with f;. Hence
2] @1 = [y, 2] @1+ xi(ly,z])1 = i ([y, 2])
belongs to the ideal. O

The following theorem is a new formulation of [:J24, Main Theorem 3|
under conditions (% ). Note that [; and lo may not be Lagrangian, in contrast
to [GJ24].

Theorem 4.3.1.3. Assume the conditions (% ). Then Proposition 2.3.1.1
holds and we can use the objects introduced just above. The following properties
hold:
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1. there is an induced action of No on U(g, f1) and there is an induced
quantum comoment map

to :ng — U(g, f1), zr—2®1+ X0l modfl,
where Yo denotes character obtained by restriction of x2 to ng,

2. the projection Q1 — Qo induces an algebra isomorphism

(U(g. £1)/To)™ = U(g, f2),

where Iy denotes the left U(g, f1)-ideal spanned by the fig(x) for x in ng.

Proof of (1) of Theorem /.3.1.3. Thanks to Lemma 4.3.1.1, Lemma 4.1.4.1
from the general theory of quantum reduction by stages can be applied to
his case and we get the induced action and quantum comoment map. ]

To prove (2), we want to use Proposition 4.1.4.2. There is a natural map
U(g, f1)/To — ™

provided by Proposition 4.1.4.2. If this map is an isomorphism, then the
theorem follows.

To prove it is an isomorphism, we want to compare this map to the iso-
morphism

12~ (0)//Ny = 1o~ (0)

deduced from Lemma 2.3.3.5, with the notations from Section 2.3.3. We endow
our objects with relevant filtrations or gradings.

4.3.2. New quantisation of the first Slodowy slice

Recall that, for ¢ = 1,2, the group N; acts on g* x g1,1 with a moment map
pis g X g —r g’

defined by the formula (2.3.3.1). Denote p2 : Gy, — Autc(g*) the action de-
fined by the formula (2.2.3.5) applied to the Hs-grading. There is an induced
Gp-action on n;*. Moreover, g; 1 carries the Gp-action by scalar multiplica-
tion. Because of Conditions (%), fi belongs to g;; and is homogenous for
both good gradings. Consider the Slodowy slice S; associated with an Ho-
homogenous sly-triple (e;, hi, f;).

For ¢ = 1,2, the moment map u; is Gy-equivariant because y; is pa-
invariant. The following varieties are stabilised by the ps-actions:

/1’171(0)7 Sl; ,u271(0)7 SQ-
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Denote by 9 : Gy, = Gaq the group homomorphism induced by the Hs-
grading on g. There is a Gy-action on G defined by

conjugation

Gm & Gad AUt(G)7

and N; is a Gyy-stable subgroup. By the same argument as for Lemma 2.2.3.6,
the isomorphism

ai s N; x S; — pi71(0),  (g,€) — Ad*(9)¢

is G-equivariant.

By Lemma 4.1.2.3, the Hamiltonian reduction 1 ~1(0)//N7 has an induced
po-action and g : p1~1(0)//N7 — ng* is Gp-equivariant, so p~1(0) is po-
stable.

Therefore, the natural filtrations and gradings for this problem are the
Kazhdan filtrations induced by the Hs-grading. We denote with a supscript
“(7)” the Kazhdan filtrations and gradings associated with H;, for i = 1,2.

For example U(g)&l) is the Kazhdan filtration on the enveloping algebra. By

projection or intersection, the filtration U(g)&z) descends to:

Q, Ug, f1), U(g, f1)/To, Qa, U(g, f2).

Proposition 4.3.2.1. The graded Poisson algebra isomorphism
Clo)t” @c Clon)& = el (U(g) ©c W(g11))
induces a graded Poisson algebra isomorphism
Clu (O)//N)” = gr? Ug. f1):

Remark 4.3.2.2. This proposition cannot be proved with Theorem 4.1.3.8 be-
cause the filtration (91)?) is not supported on Z>.

To prove the proposition, we need to introduce a grading on U(g, f1) and
study its relation with the two Kazhdan filtrations. Set Hg := Hy — Hj, its
adjoint action induces an action v : G — Autal(U(g)) by algebra automor-
phism. Denote by U(g)[d] the weight space corresponding to 0 in Z. Note the
inclusion g5, 5, € U(g)[d2 — 1] for all 61,02 in Z. By considering the trivial
action on the Weyl algebra, it extends to an action

Y0 : G — Auta (U(g) @c W(g1,1))-

Lemma 4.3.2.3. The ideal fl is G -stable so the quotient Q1 has an induced
~Yo-action. This action stabilises U(g, f1), so we get an induced action

70 : G — Autalg(U(g, f1))

and the weight spaces correspond to the adjoint action of Hyp ® 1 mod fl, that
belongs to U(g, f1).
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Proof. 1t is enough to prove that the element Hy ® 1 mod fl, denoted by Hy,
belongs to U(g, f1). For all z in ny, we have the vanishing

x1([y, Hol) = (f1lly, Ho]) = (y|[Ho, f1]) =0

because [Hy, f1] = 0. Hence, since n; is Hy-stable,

ly, Ho] = [y, Ho] ® 1 + x1([y, Ho])
belongs to I, and H, belongs to U(g, f1). O

Because Hy commutes with H; and Hs, the action g is compatible with
the Kazhdan filtrations coming from H; and Hs on U(g), Q1 and U(g, f1).
Denote with postfix “[6]” the corresponding weight spaces.

Lemma 4.3.2.4. For p in Z, the subspace U(g)l(,l) is Hy-stable and the Kazh-
dan filtrations are related by the relation:

U@ = P ule) 0.

0EZ

The same relation holds for Q1 and U(g, f1).

We use the same kind of arguments as in the proof of Lemma 4.2.1.1.

Proof. Because [Hy, Ha] = 0, we can use the Poincaré-Birkhoff-Witt Theorem
to check that the subspace U(g)z(;z) is exactly spanned by the products x7 - - - x5,
where 7 is a nonnegative integer and z; belongs to g5, (z,),6,(z;) for 91(z:), 02(z:)
in Z such that

2n — (d2(@1) + - -+ + 02(an)) < p.

Set do(z;) = d2(z;) — 01(x;). The previous inequality is equivalent to
q— (do(w1) + -+ +do(zn)) <p, where ¢:=2n+ (61(z1)+ -+ d1(2n)).

For the reverse, we need to check that for §, ¢ satisfying ¢ — § < p, if F
belongs to U(g)gl) and if [Hy, F| = 6F, then F belongs to U(g)g). To do so,
we use the PBW basis to prove that F' is sum of products z - - - ,, such that

do(x1) + -+ do(xn) =6 and 2n — (01(z1) + -+ + d1(xn)) < g
By taking the difference, we get
2n — (02(z1) + -+ + b2(2n)) < p,

so F' is indeed a sum of terms in U(g),(f). O
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Lemma 4.3.2.5. Let V, be a filtered vector space equipped with a filtration-
preserving G -module structure. Then gry, V' is equipped with Gy -module
structure that preserves the grading.

Denote by V,[6] and (gr, V')[0] the weight spaces of the Gm-actions for &, p
i Z. There is a linear isomorphism

grp(V[0]) = (gr, V)[9]
induced by the inclusion V[0] C V.

Proof. The first part of the statement is a consequence of Lemma 4.1.2.4 ap-
plied to Gy, seen as a trivially graded group so that V is a filtered Gy,-module.
The filtration on V[d] is defined by

VIol, = V15| NV, = V).

The inclusion V[d]le C V, respects the filtrations so we get a graded inclu-
sion gr,(V[d]) C (gre V)[d]. But gr, V' decomposes in two possible ways:

P er, (V18] = gr, V = Per, V)[6],
0€Z 0€Z
hence the inclusion gr,,(V[d]) € (gr, V)[d] is an equality. O
Proof of Proposition 4.3.2.1. Recall that the graded Poisson algebra isomor-
phism
C[G*]P) ®c C[QI,I]EQ) ~ grl? (U(g) ®c W(g1,1))

@ 4,

is defined by sending x in g [x]gz_) s for 6 in Z. Because gr® 0 coin-

cides with pq, the graded isomorphisms identifies the graded ideals (1 1)?) and

grﬁz) 11, so we get the induced graded isomorphism

Clua~1(0))8) 2 grl” Q1.

Notice that this isomorphism is compatible with the graded Ni-actions on both
sides, hence we get a graded Poisson isomorphism

Clu1(0)//N1)& == (grl? 91)™,

where the right-hand side has a Poisson bracket by Hamiltonian reduction.
Moreover there is a tautological Poisson embedding

et U(g, f1) — (grt? Q)M

To conclude, it is enough to show that this embedding is an isomorphism.
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By using Lemmas 4.3.2.4 and 4.3.2.5, we can write the following decompo-
sitions for p in Z:

U(g, f1) @grp+5 (g, f1)[0],

0€Z
N1
(gry? Q)™ = ( D gfﬁs 9 [‘5]> - @(grz(91425 Q1)™M1d],
5€Z 0€Z

where the last equality follows from Lemma 4. 1 2 3 applied to (gr](?) Q1)[e] seen

as a graded Nij-module. The isomorphism grq U(g, fr) = (grq b Q)M given
by Theorem 4.2.3.1 restricts to a linear isomorphism

D U(g, £1)[0] = (grlH) Q)M [3).
Hence the isomorphism
er® U(g, f1) = (el Q)™
follows from the fact that their decompositions coincide. O

Remark 4.3.2.6. The above proof uses the same main ideas as [GJ241, Propo-
sition 3.3.1], but we noticed some mistake in the proof. In Claim 3.3.5, it is
stated that the isomorphism gr(® Q; = gr(® Q; induces an embedding

gr D U(g, f1) — er® U(g, 1)
by taking the Ni-invariants. In fact one can only deduce an embedding
DU(g, fr) — (er® 2™

4.3.3. Proof of reduction by stages

Recall that to finish the proof of reduction by stages, we want to compute
the graded homomorphism corresponding to

U(g, f1)/To — ™

for the Kazhdan filtration associated with Hs. We start by compute the graded
objects corresponding to the domain and codomain.

Lemma 4.3.3.1. There is a natural graded algebra isomorphism
Cluo ™ ()18 = g ((g, £1)/To).

Proof. The identification po* = gr(® fig is clear by comparing their formulae.
The isomorphism is a consequence of the exact sequence isomorphism given by
Lemma 4.1.3.7 applied to this quantum comoment map. ]
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Lemma 4.3.3.2. There are natural graded algebra isomorphisms
grs (M) = (grd? Q)™ = Cluy ™ (0)/N1]4Y.

Proof. Because (92)52) is nonnegatively filtered, the first isomorphism is pro-
vided by Proposition 4.1.2.5. The second isomorphisms follows from the fact
that the isomorphism

Clua ()] = g 9,

given by Lemma 4.2.3.3 is Nj-equivariant and compatible with the grading
on N 1- ]

Before going to the end of the proof, we check that the filtrations are
nonnegatively supported on both sides. It is clear for the codomain because it
is true for Qs.

Lemma 4.3.3.3. The ideal I, contams U(g f1) . It follows that U(g, f1)/1o
is nonnegatively filtered: (U(g, fl)/Io) 1 =0.

Proof. Let {z;}_; be an ordered basis of g/t that is homogeneous for the
bigrading, in particular z; belongs to g5, (x,)(x,) for some 01(z;), d2(x;) in Z

and z; belongs to C[Sl]; )51( )[(52(301) 01(z;)]. Recall the isomorphism

S (U(g, f1)[6]) = ClS1V 9]

for any p,0 in Z. Denote by X; an element of U(g f1)2 61 (s )[52(3,3) — 01(x4)]

that lifts ;. In particular X; belongs to U(g, fl) By Corollary 4.2.3.5,

the ordered products

2—0(z;)"

form a basis of U(g, f1).
In the proof of the corollary, it is proved that the subfamily

{Xiy - Xy | 2k = (01 (i) + -+ 01(zi)) < @)}

is a basis of U(g, f1) for ¢ in Z. By using Lemma 4.3.2.4, we see that the
subfamily

{Xi - Xy | 2k = (02(@,) + -+ 4 2(2,)) <)}
is a basis of U(g, fl)éQ) for p in Z.

Consider a decomposition
g=n1dngDcyDcy,
that is compatible with the bigrading and satisfying

g/t =1 @ co.

98



. . . 2 . . 2
Because ny = nq @ ng is contained in 9(21)7 then ¢g @ ¢, is contained g(gg.

By taking a basis {z;}$_, adapted to the decomposition g/! = ng @ ¢o, we
see that U(g, fl)(_Qf is contained in the left-ideal spanned by the z ® 1 mod 1/'\1,

where x is taken in noﬂggg, and this ideal is contained in the left ideal spanned

by fio(no). O

We have all the tools to conclude the proof of the main theorem.

Proof of (2) of Theorem /.3.1.3. The filtered homomorphism
(4.3.3.4) U(g, f1)/To — Q™M

has for domain and codomain objects equipped with exhaustive and nonnega-
tively supported filtrations, according to Lemma 4.3.3.3. Then by a standard
fact (recalled in [KPW22, Lemma 6.8]), if the associated graded homomor-
phism is bijective then so is the filtered one.

But as a direct consequence of Lemmas 4.3.3.1 and 4.3.3.2, the graded map
associated with (4.3.3.4) appears to be the comorphism corresponding to the
variety isomorphism

p2 1 (0)//N1 2= 1o~ 1(0).
This concludes the proof. ]

4.4. Hamiltonian reduction and modules

In this section, following [GG06], we recall the existence of a pair of adjoint
functors between the categories of modules on an associative unital algebra
and its quantum Hamiltonian reduction (Proposition 4.4.1.2). We prove a
generalisation of the famous Skryabin equivalence (Theorem 4.4.2.2) and we
deduce Theorem 3 as a particular case.

4.4.1. Hamiltonian reduction functor

Let N be a connected linear algebraic group. Let A be an associative uni-
tal algebra with an a lgebraic action of a linear algebraic group N by algebra
automorphisms. Assume the existence of i : n — A, an N-equivariant co-
moment map. Denote by C|0) the trivial n-module and consider the induced
A-module

Q == A @y C|0),

where A is a right U(n)-module through the quantum comoment map. Note
the A-equivariant isomorphism

~

AT =59, (amod]) —s a® |0),

where 1 is the left ideal spanned by the fi(x) for x in n. In particular, is QN
the quantum Hamiltonian reduction with respect to .
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Denote by Hom z(e, ) the bifunctor giving the space A-equivariant ho-
momorphisms between to left A-modules. For any left A-module V, the
comoment map 1 : n — A equips V with a structure of n-module.

Lemma 4.4.1.1 ([GGO06, Section 7]). Recall that we assumed that N is con-
nected.

1. For any left A-module V, there is a C-linear isomorphism
Homz(Q,V) = V" &+ &(1®|0))
that is natural in V.
2. In particular, the following algebra isomorphism holds
End7(Q)° = 9V, & +— o(1®|0)),

where the codomain is the algebra of A -linear endomorphism of Q with
the opposite multiplication.

Proof. Because Q is spanned by 1 ® |0) as A-module, any A-module homo-
morphism ® : Q — V is entirely determined by ®(1® |0)). For any z in n, one
has

fi(z) - (1 ®10)) = @(fi(z) ®10)) = (1 ® (z - |0))) =0,
so ®(1 ® |0)) belongs to V". In the other direction, for any v in V", we can

define a map
o: UG —V, Fr—F-v,

and, for any x in n, one has

®(ji(x)) = fi(z) - v =0.

So, after taking quotient by f, there is an induced homomorphism ¢ : Q — V
of A-modules and (1) is proved.

Because of the quantum comoment map and the connectedness of NV, the
N-invariants in Q are the same as the ad(u(n))-invariants. But for any x in n
and any F' in U(g):

[i(x), F] @ |0) =(u(2)F) @ |0) — (Fj(x)) @ |0)
=(p(x)F) @ 10) = F & (x-0))
=(p(2)F) ®10),

so the N-invariants in Q are the same as the p(n)-invariants (for the left-
multiplication), summarized in a nutshell:

QN _ qad(a(w) _ gam) _. gn_

(2) follows from (1) after checking that the isomorphism is compatible with
the multiplicative structures. O
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Note that End 7(Q)°° =2 QN acts from the right on Q and from the left
on Hom 7(Q,V) = V" for any left A-module V. Denote by A-Mod the cate-
gory of left A-modules.

Proposition 4.4.1.2 (|[GGO6, Section 7]). The functors
Inv:V— V" and Ind: W+— Q®qgn W

form an adjunction

Inv

R
A-Mod L Q¥-Mod.
\\_/

Ind

Proof. Because of Lemma 4.4.1.1, this adjunction follows from the well-known
adjunction isomorphism

Hom 7(Q ®gon~ W, V) = Homgn (W, Hom 7(2,V))
that is natural in V in A-Mod and W in QV-Mod. O

4.4.2. Generalisation of the Skryabin equivalence

In this section we assume that N is unipotent and that n = ®5€Z<0 is
negatively graded as a Lie algebra. Assume that A, is almost commutative
of degree —k for k > 1 an integer, that the comoment map u : n — A is of
degree +k so that A is a filtered N-module.

A left A-module V is called a Whittaker module with respect to the quan-
tum comoment map i if for all = in n, fi(z) acts locally nilpotently on V', that
is to say if for all v in V, there is some positive integer n such that

w(x)" - v=0.
Denote by Wh(A,n, 1) the category of Whittaker modules.

Lemma 4.4.2.1. Assume that the filtration on Qe is nonnegative. Then for
any left QN -module W, Ind(W) = Q @q~ W is a Whittaker module.

Proof. Take x in ns and F' in Q, for 6 < 0 and p > 0 two integers, and w
in W. According to a computation done in the proof of Lemma 4.4.1.1, for
any integer n:

p(x)" - (F o w) =ad(i(z))"F o w.

Because 1 is of degree +k, ad(ji(x))"F belongs to Ajp4,s that is zero for n big
enough so that p + nd < 0: this is the Whittaker module condition. O

The following theorem is a natural generalisation of the Skryabin equiva-
lence of categories [Skr02].
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Theorem 4.4.2.2. Let N be a unipotent algebraic group such that its Lie
algebra n = ®5€Z<0 ns s negatively graded. Let Ao be an almost commutative
algebra of degree —k with an action of N by algebra automorphisms and let
w:m — A be an N-equivariant quantum comoment map of degree k. Define
the affine Poisson scheme X = Spec(gr, A) and the moment map p: X — m*
such that gr i = p*. Make the following assumptions:

1. the induced filtration on the quotient Q = ﬂ/f 18 nonnegative,

2. there is a Gy-stable closed subscheme S of u=1(0) such that the action
map
a:Nx8S— pu10), (g2)—g-x

is a G -equivariant isomorphism.
Then there is an equivalence of categories

Inv

T
Wh(A,n, 1) ~ 9QV-Mod
~_

Ind

induced by the adjunction of Proposition 4.4.1.2.

To prove this theorem, we generalise the arguments of [GG02, Section 6].
Consider the linear map
O1: W — Involnd(W) = (Q ®qn W)",
w—1®(0) ®w

and
O2 : IndoInv(V) = Q @gn V"' — V

(F®10)®@v+— F v,

that are natural in V' in Wh(A, n, 1) and W in Q-Mod. If we prove that they are
isomorphisms, then Theorem 4.4.2.2 is proved. Recall that by Theorem 4.1.3.8,
one has the graded Poisson isomorphism

Clu™(0)//N] = gr,(QY).

Proof of the bijectivity of ©1. To prove that O is an isomorphism, we intro-
duce filtrations on the objects and prove that gr ©; is an isomorphism.

Assume first that W is finitely generated, W = Q¥ . W, where W is a
finite dimensional subspace of W. For p > 0, set

W, =9} - W,

where the filtration on QY is defined by the filtration on A,.
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The graded module gr, @ = C[u~1(0)]s is a free over gr,(Q") = C[S],
because of the Gp-equivariant isomorphism N x S = p~1(0). By [NOOG,
Lemma 1.5.1.3|, since all filtrations are nonnegative, Q4 is is a free filtered
right QN-module.

The filtration on W, is nonnegative and, by [NO0G, Lemma 8.2, the natural
graded homomorphism

(810 Q) @y, o (gre W) — gre(Q @on W), [F] @ [w] +— [F @ w]

is an isomorphism because Q, is is a free filtered right QN-module.
From this isomorphism and from the isomorphism N x S = x~1(0), we
deduce the n-equivariant isomorphism

gry (2 ®on W) = C[N]s ®c (gre W).
We can apply Proposition 4.1.2.5 and get the natural isomorphism
gr, ((Q @on W)') = (gr (Q @on W))" = gr, W.

Up to these isomorphism, we see that gr, ©1 coincides with the identity
on gr, W. Because the filtrations are nonnegative and exhaustive, we deduce
that ©; is an isomorphism by [KP W22, Lemma 6.8|.

If W is not finitely generated, it is a filtered limit of its finitely generated
submodules. Because 01 is defined by taking a tensor product and invariants,
it commutes with filtered limits and it is still an isomorphism O

To prove the bijectivity of ©9, we will need the following lemma.
Lemma 4.4.2.3. For any Whittaker module V', if V* =0 then V = 0.

Proof. Let vbein V and z be in n. There is an integer n such that zi(z)"-v = 0.
If n =0, then v =0. If n > 0 then

hence 7i(z)" ! - z belongs to V" = 0. By decreasing induction on n, we get
that v = 0, hence V = 0. O

We can finish the proof of Theorem 4.4.2.2.
Proof of the bijectivity of ©2. Define
V' i=Ker®y and V" :=V/03(Q @y W")

the kernel and cokernel of ©5. Note that O is n-equivariant.
The isomorphism O applied to W := V" gives the quality

Qv V)'={(1®]0)) ®v |veV"}
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So we get
(V)'=v'n{l®0)ev|veV"}
={1@|0)ev|veV", 0:((1®]0)®v) =0}
={1®|0)®v|veV" v=0}
=0,

so, by Lemma 4.4.2.3, V' is zero and ©s is injective.
Consider the exact sequence

00— Q@ V" 2V — V" —0,

it is a sequence of n-equivariant homomorphisms. We can apply the Lie algebra
cohomology functor H®(n,e), we get a long exact sequence. But by the first
part of the proof, we can apply Proposition 4.1.2.5 to any finitely generated
9N _submodule W of V" and we get the vanishing

H'(n,Q @qn V") =0,

because the cohomology commutes with filtered limits.
Then we have an exact sequence

0— (Q®on V' — V" — (V)" — 0.

The map
(Q@on V)" — V", (1®[0)) ®@vr—rv

is clearly surjective so (V")" is zero, and by Lemma 4.4.2.3, V" is zero. The
bijectivity of ©9 is proved. O

4.4.3. Application to Slodowy slices and reduction by stages

Let g be a simple finite-dimensional complex Lie algebra, h be a Cartan
subalgebra of g and G be a connected algebraic group whose Lie algebra is g.
Denote by (e|e) the normalised non-degenerate symmetric bilinear form on g.
Let f anilpotent element of g and g = 5.4 gs be a good grading for f defined
by the adjoint action of a semisimple element H in h. Denote by x = (f]|e)
the linear form on g associated with f.

Let [ be an isotropic subspace of the symplectic space (g1,w). Let Ny be
the unipotent subgroup of G' whose Lie algebra is nj = [* @ g>o. Consider
the quantum comoment map iy : ny — U(g) ®c W(IH* /1) defined by the
formula (4.2.2.1). Theorem 4.4.2.2 implies the following statement.

Proposition 4.4.3.1. There is an equivalence of categories

T,

Wh(U(g) ®c W(/1),n, ) =~ U(g, f)-Mod.

\/
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Consider the particular case when [ is a Lagrangian subspace of g;. Then
the symplectic space [-*/[ is trivial and the coadjoint orbit of ¥, := Xln, 18
reduced to one point, that is to say that y restricts to a character of n;. A
g-module V is called a Whittaker module with respect to  if for any x in ny,
the element x + x(x)idy acts locally nilpotently. Denote by Wh(g, ny, ;) the
category of Whittaker modules. The equality

Wh(U(g), ny, i) = Wh(g, ni, Xip)

holds because () = z+x(x)1 for any x in ny. In this particular case,Proposition 4.4.3.1
states the usual Skryabin equivalence.

Proposition 4.4.3.2 ([Skr02]). There is an equivalence of categories

/\
Wh(gan[aYI) = U(g,f)—Mod

\/

For i = 1,2, let f; be a nilpotent element and H; be in the Cartan subal-
gebra h. Assume that the Lie algebra grading g = @;c4 g((;) defined by the
adjoint action of H; is a good grading for f;. Since [Hi, Hy] = 0, the good
gradings define a bigrading g = @51,52€Z 061,6.- et fo == fo — fi. Assume
that the conditions (%) holds and consider the quantum comoment map

fo :ng — U(g, f1), xz+—2x® 1+ Yol mod I
given by Theorem 4.3.1.3. There is also a natural algebra isomorphism
(u(gv fl)/-/[\O)NO = u(Gv f2)

A U(g, f1)-module V' is Whittaker if for any x in ng, = + x2(z) idy acts locally
nilpotently. Theorem 2.3.3.3 allow us to apply Theorem 4.4.2.2 to the quantum
comoment map g : g — U(g, f1).

Proposition 4.4.3.3 (|GJ24, Main Theorem 4]). There is an equivalence of

A

Wh(ll(g,fl),no,ﬁo) = u(g,f2)-MOd.

\_/

categories
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5 - BRST cohomology

5.1. Vertex algebras and the geometry of arc spaces

In this section, we give some definitions and properties about vertex alge-
bras, vertex Poisson algebras and their relation to arc spaces of Poisson vari-
eties. As a preliminary, we recall the notions of vector superspaces and formal
distributions. Our main references are [[<ac98, FBZ04, DSK06, Aralb, AM25].
We end the section by making some remarks about affine GIT quotients of arc
spaces.

5.1.1. Vector superspaces

A wvector superspace is a Z/2Z-graded vector space V. =V @ V1. The ele-
ments that are homogenous for the Z/2Z-grading are called parity-homogeneous
and the degree of such an element v is called its parity, denoted by |v|. An
element is called even if its parity is 0, odd if its parity is 1. The tensor product
of two superspaces is naturally a superspace.

We recall that a superalgebra A = Ag® Aq is a vector superspace equipped
with a C-linear multiplication

ARcA— A, a®@br—— ab

that is even. If a and b are parity-homogeneous elements in A, their super-
bracket is defined by [a,b] == ab — (—1)lelllpq,

A linear map ¢ : V. — W between two superspaces V, W is called even if
the inclusions

¢(Vo) Wy and ¢(V1) €Wy

hold, odd if the inclusions
o(Vo) CWy and o¢(Vh) C W)

hold. This implies that the space of linear maps between two superspaces is
itself a superspace.

Denote by End V' the algebra of linear endomorphisms on a vector space V.
If V' is a superspace, then End V' is a superalgebra for the multiplication given
by the composition.

5.1.2. Formal distributions

Let V be a vector space. The space of formal distributions with coefficients
in V' is defined by

Vz, 2] = { Zvnzn | ve € Vz},

neZ
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where z is a formal variable. We also need to consider the analogue with a
second formal variable w:

Viz, 2 w,w™] = { Z VU2 W™ | Vee € VZXZ}.

m,nE”Z

We define the formal derivative of }° 5 v,2", a formal distribution with
coefficients in V', by

82( Z vmzm) = Z mu,z™ L

meZ meZ

The space of (formal) Laurent series, denoted by V((z)), is the subspace
of formal distributions ZnEZ v,2" with coefficients in V' such that v, = 0
for n smaller than some negative integer. The space of formal series, denoted
by V[z], is the subspace of formal distributions )
in V such that v, = 0 for all negative indices n.

nez Vn2" with coefficients

If A is a (possibly nonassociative) algebra, then A((z)) and A[z] are algebras
for the multiplication defined by

(Z anzn) ( Z bnz”) = Z ( Z aibj>2",

neZ neZ neZ i+j=n

where 7 anz", 3, 7 bn2" are in A((2)). Note that the sums >, . a;b;
involves finitely many nonzero terms for all n in Z.

Remark 5.1.2.1. In general, if 3, . 42", >, c7 bn2" belong to A[z, 27 '], then

thesum >,
defined. Hence, A[z,27!] is not an algebra.

a;bj can involve infinitely many nonzero terms and is not well-

If A is a algebra, it is possible to multiply two formal distributions of
two different variables, a(z) = >, cz amz™ and b(w) = Y .z byw™, to get a
formal distribution

of two variables.

If V.=V, @ Vi is a superspace, then the decomposition
Viz, 27 = Vo[z, 27 ] @ Vi[z, 271]
makes the space of formal distributions of one variable a superspace. In the

same way, the space of formal distributions of two variables, the space of
Laurent series and the space of formal series are superspaces.
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5.1.3. Graded vertex superalgebras

Definition 5.1.3.1. A vertex superalgebra is a vector superspace ¥V =y @1}
equipped with the data of

1. a nonzero even element 1 in ¥, called the vacuum vector,
2. an even linear operator 0 : ¥V — V, called the translation operator,

3. an even linear operator

Vecl —V(z), a®br—a(2)b:= Z a(n)bzfnfl,
neZ

called the state-field correspondence,
such that the following axioms are satisfied:
1. for any a in ¥, one has
1(z)a=a and a(2)1 =a+ zp(z)
for some p(z) in V[z],
2. for any a in V, [0,a(2)] = 0,a(z) as elements in (End V)[z,271],

3. for any parity-homogeneous elements a,b in V', there is some positive
integer k depending on a and b such that

(z = w)*a(2), b(w)] = 0,
where [o, o] denotes the superbracket in (End V)[z, w, 2=, w™1].

A vertex algebra is a purely even vertex superalgebra, that is to say that all
elements in the underlying superspace are even.

For a in a vertex superalgebra ¢/, the formal distribution

neZ

with coefficients in End ¢ is called the field associated with a. For b in {/, the
coeflicient a(,b is called the n-th product of a and b. For all n bigger than
some integer depending on a and b, a(,)b = 0.

For two vectors a,b in ¥, their normally ordered product is defined by

ab: = a(,l)b
For a, b, cin ¢/, we adopt the convention: :abc: = :a(:bc:):. For n a nonnegative
integer, one has the relation
b I 1 .an b.
a(_n_l) = E (a) ..
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The translation operator 0 is a derivation for the normally ordered product:
d(:ab:) = :0(a)b: + :a0(b):.

The A-superbracket is the formal polynomial defined by

The A-superbracket takes values in V ®c C[A] and it controls the nonassocia-
tivity and the noncommutativity of the normally ordered product.

Remark 5.1.3.2. We can think about a vertex superalgebra ¥ as a noncom-
mutative and nonassociative superalgebra (for the normally ordered product)
equipped with a derivation and a A-bracket satisfying some compatibility con-
ditions.

Let {a;}I", be a set of parity-homogeneous vectors in ¢. Denote by < the
lexicographic order on {1,...,m} x Z>o. The vertex superalgebra ¢ is said
to be freely generated by the strong generators {a;}", if the normally ordered
products

k >0 an integer,

ie € {1,...,m}* and ne € (Zso)¥,
(ij,k;) < (ij41,kjs1) if a;; is even,
(15, kj) <

:0" (a,) - - 0" (ay,): for
(ij+1,kj+1) if aij is Odd7

form a basis of ¥ as a vector space.
Let ¢, are two vertex superalgebras. An even linear map ¢ : ¢/ — W is
called a vertex superalgebra homomorphism if the following identities hold:

¢(1) =1, dop=¢o00, ¢(a(n)b) = ¢(a)(n)¢(b)v
for all a,b in ¥ and all integers n.
Example 5.1.3.3. Recall that the Virasoro Lie algebra is the vector space

viv := Cl & P CL,
nez

equipped with the Lie bracket defined by imposing that 1 is a central element
and by the relations
m3 —

m
[Lma Ln] = (m - n)Lm+n + T5m+n:01

for all m,n in Z.
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For a complex number ¢, denote by C|c) the one-dimensional module over
the Lie subalgebra
vits_; == Cl® (P CL,

n=>—1
defined by
Lyley=0 for n>-1, and 1|c)=c|c).

Then the induced module
Vi = U(viv) @ (virs 1) Clc)

is equipped with a vertex algebra structure and is called the Virasoro vertex
algebra of central charge c.

More precisely, the vacuum vector is 1 := 1®|c) and Viz€ is freely generated
by only one element, which is L := L_o1. The associated field is

L(z) = Z Lz "2,
nez
The A-bracket is given by
[LyL] = (& + 2\)L + 1%»’1
The translation operator coincides with L _; and Viz¢ is Z-graded by the action

of the semisimple operator L.

Let ¥ be a vertex superalgebra. An even vector L in ¥/, with associated
field L(z) = >, cz Ln 272 is called a conformal vector if the operator Lg is
semisimple on {/, if the operator L_; coincides with the translation operator 0
and if there is a complex number ¢, called the central charge, such that

[LAL] = (0+ 20 L+ A%

In particular, the existence of a conformal vector induces a vertex superalgebra
homomorphism V¢ — 1.

If a in ¥ is an eigenvector for L, the corresponding eigenvalue is denoted
by A(a). One can check that for any a,b in ¢ and any n in Z,

(5.1.3.4) A(amyb) = A(a) + A(b) —n — 1.
The decomposition in eigenspaces,

V= @ V(A), where V(A):={a €V | Lya= Aa},
AeC

makes ¢ a C-graded vector space.
It can happen that a vertex superalgebra has a grading satisfying (5.1.3.4),
but without the existence of a conformal vector (for example, take the vertex
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algebra " (g) defined in Remark 5.2.1.1). A semisimple even linear opera-
tor # on V is called Hamiltonian if it satisfies, for any a in ¥, the relation

[#,a(2)] = z0,a(z) + (#a)(2).

If a is an eigenvector for #, the corresponding eigenvalue is denoted by A(a)
and the identity (5.1.3.4) holds. The decomposition in eigenspaces is denoted
by
V= v(A), where V(A):={aecV|Ha=Ad}.
AeC

Definition 5.1.3.5. In this thesis, we will call graded vertex superalgebra a
vertex superalgebra equipped with a Hamiltonian operator whose eigenvalues lie
in the discrete set %Z for some integer K > 1.

5.1.4. Poisson vertex algebra associated with the Li filtration

We recall that a superalgebra R is called supercommutative if for any pair
of parity-homogeneous elements a,b in R, ab = (—1)‘“”b|ba. A Poisson vertex
superalgebra is a supercommutative associative unital superalgebra R equipped
with a C-linear even derivation 0 : R — R and an even operator

oo )\n
R®cR— R®cCl\, a®br— {a\b} —nz:%a{n}bn!,

called the Poisson A-superbracket, satisfying the following identifies

{0axb} = —M{axb},
0{axb} = {(0a)rb} + {a)0b},
{axby = —(=DI{b_s_pa},
{{axbhrinc} = {aa{buct} — (D)1 Ip,{arc}},
{axbe} = {axbye + (1) “b{axc},
for parity-homogeneous elements a, b, c in R.
Let R, S are two Poisson vertex superalgebras. A linear map ¢ : R — S

is called a Poisson vertexr superalgebra homomorphism if it is even and if the
following identities hold:

(1) =1, dodp=¢00d, ¢ab) =p(a)p(b), @(afnyb) = d(a)(nyo(b),

for all a,b in R and all nonnegative integers n.

Given a vertex superalgebra ¢/, one can define its Li filtration F7; ¢ in the
following way [Li05]. For an integer p < 0, F}, ¥ is equal to /. For p > 0, the
linear subspace Flﬁi { is spanned by the elements of the form

k>0, ae€ V¥ and ne€ (Zso)",

0™ (ay) - 0™ (ay): here
(@) (ax): W { so that S m;>p
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It is a nonincreasing filtration of ¥ satisfying the following properties:

FO.V =V, O V)CF Iy,
{Fﬁrqnl (% for neZ,

5.14.1 FP. ¢ n F?. ¢) C
( ) (FL )y (F1 ©) Fﬁrq_"(/ for n € Zxy.

Denote by [e], : FI. ¢ — F{iV/FﬁAU the canonical projection. It is
known that the associated graded space

grs' V= DY 0/ FR Y
pEZ

is a differential supercommutative superalgebra defined by

[alp - [blg = [:abilpiq,  Olalp = [Dalpia,

where a is in Ff, ¢ and b is in F{, . By [Li05, Proposition 2.13|, grl' ¢ has
the structure of a vertex Poisson superalgebra whose Poisson A-bracket is given
by:

oo >\n
{[a]pk[b]q} = Z[a(n)b]p+q—n -
n=0

n!’

5.1.5. Arc spaces of Poisson varieties

In this section, all superalgebras are assumed to be supercommutative,
associative and unital. We refer to [AM25, Chapter 1| or [CLNS18, Chapter 3]
for an introduction to jet spaces, arc spaces and their relation to differential
algebras. We recall the constructions that we need.

A differential superalgebra is a superalgebra S equipped with an even
derivation 0 : S — S. Let R be a superalgebra. The universal differential
algebra spanned by R is a differential superalgebra (R, d) equipped with a
superalgebra homomorphism R — R, such that the following universal prop-
erty holds. For any differential superalgebra (S,9") and for any superalgebra
homomorphism ¢ : R — S, there exists a unique superalgebra homomor-
phism ¢ : Ro — S, intertwining the derivations (¢o, 0 9 = &' 0 ¢ ), such
that the following diagram commutes:

R —2= 5 8
N e
R.
Proposition 5.1.5.1. If R is of finite type, then R exists and R — R 1S
mjective.

For any algebra homomorphism ¢ : R — S, there is a unique superalgebra
homomorphism ¢oo : Roo — Soo, intertwining the derivations, such that the
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following diagram commutes:

Ro —2=4 5.

I

Proof. If R is free then R is of the form
R = Sym(Vp) ® A(V1),

that is to say the tensor product of the symmetric algebra over a finite dimen-
sional vector space V; and the exterior algebra over a finite dimensional vector
space V7. Then take

Roe = Sym(Vo[t™1t™") @c AAlE']E7),

where V;[t71]t7! := V;®cC[t!]t~! fori = 1,2. The operator —d;, the opposite
derivation with respect to the formal variable ¢, induces a derivation 0 on R.
There is a natural algebra homomorphism R — R, determined by

Vo@®Vi — Reo, v+ 0@t L

Consider a superalgebra homomorphism ¢ : R — S, where S is equipped
with an even derivation . Then there is one and only one differential su-
peralgebra homomorphism ¢, : (Reo,d) — (5,0') that makes the diagram
commute: it is defined for any F in R and any nonnegative integer n by

Poo(F @ t7"71) = nl(8)" (¢(F)).
In general, if R is finitely generated then R is the quotient

R = (Sym(Vp) @c A(V1))/I

of a free superalgebra by some parity-graded ideal I. Denote by I, the ideal
in

Sym(Vo[t™Jt™") @ AA[t']E )

spanned by the 0" F for F in I and n a nonnegative integer. Then
Reo = (Sym(V[t 't @c At 1tY) /1

inherits a derivation and satisfies the universal property as before.

The injectivity of R — Ry, follows from the universal property applied
to S = R equipped with the zero derivation.

The existence of ¢ : Roo — S0, for all algebra homomorphism ¢ : R — S,
follows from the universal property, as well as the uniqueness. ]
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Corollary 5.1.5.2. If R is a superalgebra of finite type, the universal differ-
ential superalgebra spanned by R is in fact a colimit of subalgebras of finite

type:
Ry = colimy, >0 Ry,

where R, is the subalgebra of Rs, spanned by the subspaces O'(R) for the
mtegers 0 < ¢ < m.

Proof. As before, denote
R = (Sym(Vo) ® A(V) /1.

Then is is clear that

Ry, = (Sym (@% Vot—l—i) ®c A\ (@ Vlt—l—i)>/1m,

where I,,, is the ideal spanned by the 0"F for F' in I and 0 < i < m, that is
exactly the intersection of I, with R,,.
The truncation of powers of ¢ give injective homomorphisms

R,, — R,y — Ry
for all m < m/. So we get a natural map
colimpy,>0 R — Reo-

It is injective because all the maps defining the colimit are injective and it is
clearly surjective.

O]

Poisson vertex algebras arise naturally as the universal differential algebras
spanned by Poisson algebras.

Proposition 5.1.5.3 ([Aral2, Proposition 2.3.1]). If R is a finitely generated
Poisson superalgebra, then Roo has a unique vertex Poisson structure whose
Poisson \-superbracket is given for two elements Fy, Fo in R — Ry by

{Fiaka}t = {1, By},
where {o, e} is the Poisson superbracket on R.

Assume R is purely even of finite type, then it is the coordinate ring of an
affine scheme of finite type, X = Spec R. We call arc space of X the following
affine scheme (in general of infinite type):

JooX = Spec Re.
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For m a nonnegative integer, the m-jet space of X is the affine scheme
JmX = Spec R,

where R, is defined in Corollary 5.1.5.2.

The construction of jet spaces and arc spaces is functorial in the category of
affine schemes. In particular, if ¢ : X — Y is an affine scheme homomorphism,
we denote by

Jm®  IpX — JY and Jed : Joo X — JoY

the induced maps at the level of m-jets and arcs. This functors also com-
mute with Cartesian products. We recall below their interpretation in term of
functors of points.

Proposition 5.1.5.4. Let X be an affine scheme of finite type. For any C-
algebra A, we have some natural bijections

I X (A) =2 X(A[t]/(t™)  and T X(A) = X (A[t]),
where At]/(t"H) = A ®c C[t]/ (™).
Proof. First assume that X = Spec R, where R is a free algebra:
R=Sym(V) and Ry = Sym(V[t 't™1),

where V' is a finite dimensional vector space. For any C-algebra A, the algebra
homomorphisms R — A[t] are determined by their values on the generating
subspace V', so there are linear isomorphisms

X(A[t]) =2 V*ec Aft] = (V* @c A)[t],

where the second isomorphism is due to the finite dimension of V.
Any element in X (A[t]) acts on V ®@c A[t~1t~! by the following bilinear
pairing:
(5.1.5.5) (p@a(t))  (v@b(t)) == ¢(v) resi—o(a(t)b(t)),
where ¢ is in V*, v isin V, a(t) is in A[t], b(¢) is in A[t7!]¢~! and
resi—o (Z cmﬁ") =c_1, for Z ent™ € A((t)).
nez nez

So any element in X (A[t]) induces an algebra homomorphism R, — A.
Consider an algebra homomorphism ® : Ry, — A. It is determined by its
values on

Vet = ve
n=0
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so it corresponds to the action of an element p(t) = 7  ppt™ in
X(A[]) = (V* @6 A1)
whose coefficients are the linear maps
PV — A v dlo@t ™).
This construction provides the explicit bijection
Joo X (A) =2 X (A[t]).
In the general case, when
R=Sym(V)/I and R, = Sym(V[t~1]t71),

where [ is some ideal in SymV and I, is the ideal spanned by the 0" F
for Fin I and 9 = —0;. Note that an element F' in I is seen as an element
in Sym(V[t~1]¢t~!) because of the inclusion SymV < Sym(V[t~!]t~!). In
particular, X is a closed subscheme of V* given by the equations in I.

The A[t]-points of X are

X(A[t]) = {z(t) € (V* @c A)[t] | for all F € I, F(a(t)) = 0}.

Let us make sense of the equation F'(x(t)) = 0 in this context. Consider the
polynomial F' = vy ...v, where vq,...,v; are in V. Its evaluation at x(t),
where

x(t) = de Kapt”, for ¢, e€V* and a, € A,
n=0

is given by (we omit the ® symbols):

[e.9]

v1...op(z(t)) = Z ( Z biy (V1) - - - @iy (Vi) @iy "'az‘k>tn

n=0 i14--ix=n

© o
= Z res;—g < Z (t_l_“vl D) ( Z ¢¢a¢ti>>tn
n=0 =0

11+ tg=n
= Z resi—g ((—&t)"(t*lful ety ( Z (ﬁiaiti))t”.
n=0 i=0
So for a general F' in Sym V', we have
F(z(t)) = Z resi—o (0" F(z(t)))t",
n=0
where F is identified with its image in Sym(V[t~1]t71).
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Recall that an element of z(¢) in (V*®¢c A)[t] corresponds to an element x
in JooV*(A), that is to say an algebra homomorphism Sym(V[t~!]t~!) — A,
under the residue action defined in (5.1.5.5). Hence, the equality

resi—o (8”F($(t>)) - anF($M)7

holds in A, where the right-hand side is the evaluation of the polynomial o™ F
at the point zo in Joo V*(A).
So, under the identification (V* ®@c A)[t] = JooV*(A), the equations

F(z(t)) =0 in A[t], for Fel,
are equivalent to the equations
O"F(rs) =0 in A, for Fel.
Because
JooX(A) = {20 € JoV*(A) | forall F € I and n > 0, 0"F(zs) = 0},
we deduce the bijection
X(A[t]) 2 JoX(A).
For the m jets, the construction is similar and we skip the details. ]
Remark 5.1.5.6. For any C-algebra A, there is a natural surjective algebra
homomorphism A[t] — A[t]/(™!). It induces a map Joo X — J,, X, that

is the geometric map induced by the inclusion C[J,,X] < ClJX] stated in
Corollary 5.1.5.2.

5.1.6. Affine GIT quotient of an arc space

Consider a connected affine algebraic group N and denote by n its Lie
algebra. For any nonnegative integer m, the jet scheme J,, /N is a connected
variety because the group N is smooth and connected [CLNS18, Corollary 3.7.7
and Proposition 4.1.1]. Moreover, because N is an algebraic group, its func-
tor of points takes value in the category of groups, so the functors of points
of J,, N and Jo N are group-valued too. Therefore, J,,, N is an algebraic group
and Joo N is a group scheme [Mill7, Section 1.4].

The structure of the Lie algebra of J,,, IV is well-known, we give a construc-
tion that uses the functor of points of N. For an alternative proof using the
Hopf algebra structure of C[N], see [AM25, Example 1.2].

Lemma 5.1.6.1. The Lie algebra of J,, N is
nft]/(t" ) = noc Clt]/ (™),

equipped with the Clt]|-linear Lie bracket extending the one on n.
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Proof. We recall the following useful characterisation of the Lie algebra m of
an affine algebraic group M, see [Mill7, Section 10.b| for details. For any
C-algebra A, the natural projection Ale]/(¢?) — A induces a group homomor-
phism
M(A[E)/ (%)) — M(A).
The kernel
m(A) = Ker (M(A[e]/(%)) = M(A)).

is an Abelian subgroup of M(A[e]/(g?)), its in fact an A-module for the A-
action induced by the rescaling e. The A-module m(A) also inherits an A-linear
Lie bracket induced by the conjugation on M (A[e]/(2)).

By change of basis,the tensor product A ®c m is equipped with a natural
A-linear Lie bracket. According to [Mill7], the natural inclusion m — m(A)
induces an A-linear Lie algebra isomorphism

A®cm=m(A).

Take M = J,,IN the jet group of an algebraic group N. Because of
the above characterisation of Lie algebras of algebraic groups and Proposi-
tion 5.1.5.4, the Lie algebra of J,, N is given as the kernel of

N(Clt,e] /(™ *,e%)) — N(C[t]/ (™)),
that is n ®c C[t]/(t™T1). O

Let X be an affine scheme of finite type with an action of a connected
affine algebraic group V. For any nonnegative integer m, there is an induced
action of J,, N on J,,X. The infinite type group scheme JoN acts on the
arc space JooX. Denote by p : N x X — X the action, by J,,p and Jp
the induced actions at the level of m-jets and arcs. The subalgebra of J., V-
invariant functions is defined by

Clloo XN = {F € C[JouX] | Joop™(F) = 1 ® F},

where Joop* 1 ClJooX]| = C[JooN] ®c C[JoX] is the corresponding co-action.

By imposing that the ideal n[t]#™*! acts by zero, we get an action by
derivation of the Lie algebra n[t] := n®c C[t] on each coordinate ring C[J,, X]
that lifts the n[t]/(t™!)-action. There is also an induced action of n[t] on the
colimit

C[JooX] = colimp,>0 C[J, X].

The following proposition has been stated many times in the literature, see

for example [Arals, BENM23, AM25]. We provide a proof.

Proposition 5.1.6.2. Let N be a connected affine algebraic group acting on
an affine scheme X. Then

CllooX]'=N = ClIoo XM,
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Proof. For any F' in C[JxX], there is some integer m such that F' belongs to
the subalgebra C[J,, X]. Then

(5.1.6.3) Joop™(F) = Jpmp™ (F).
The relation (5.1.6.3) implies that they are natural embeddings
ClJn X! N s C[Iw XN CIg X =N
for all m < m/, so by universal property there is an embedding
colimy, >0 C[Jn X' «— ClI o XV,

but this natural map is surjective because of (5.1.6.3). So we have an algebra
isomorphism
colim, >0 C[Jn X7 N = C[Joo X7,

Similarly, the subalgebra of n[t]-invariant functions of Joo X is given by
colim, >0 C[J,n X" = C[J o X",
By definition of the n[t]-action, the n[t]/(#™*!) and n[t]-invariants are the same:

tm+1)

C[J,, X"/ = C[J,, X",

Because all the J,,, are connected, one has
ClJnX]'mX = C[J,, X",
Taking the colimits, we deduce the desired equality:

CllooX]'=N = ClIo XM,

Remark 5.1.6.4. There is a natural map
JooX//JooN — Joo(X//N),

but is neither injective or surjective in general [L5515].

5.2. Examples of vertex superalgebras

We review the vertex algebras that we need to construct affine W-algebras,
following [DSIK006].
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5.2.1. Affine vertex algebras

Let a be a finite dimensional Lie algebra and x : a ® a — C be an a-
invariant symmetric bilinear form. The affine Kac—Moody algebra associated
with a and & is defined as the extension of a[t,#~!] (with the natural C[t,¢!]-
linear bracket) by a central element 1, denoted by

o =alt,t" @ C1,
with the brackets given by
[2t™, yt"] = [z, y]t"" + MmSman—ok(x,y) 1

for any 2,y in a and m, n two integers. It contains a[t]|®C1 as a Lie subalgebra.
Denote by C|1) the one-dimensional aft] & C1l-module defined by

af]|1) =0 and 1[1) = [1).

The universal affine vertex algebra V*(a) associated with a at level & is defined
as the induced a*-module

V*(a) = U(@") @ugect) CI1)-

We identify any element z in a with its image ¢t~ ® |1) in V*(a).
The module ¢*(a) is equipped with a vertex algebra structure such that
the field associated with x in a is given by the formal distribution

x(z) = Z xt" 2L

neZ

where zt" is seen as an endomorphism of ¥%(a) by the mean of the a®-module
structure. The vacuum vector is 1 := 1 ® [1). One has the A-brackets

[2ay] = [z, y] + k(z,y)1A for =,y € a.

The vertex algebra 1%(a) is freely generated by any basis of a.

Denote by D the derivation on U(a*) that acts as the derivation —td;
on aft,t!] and by 0 on 1. The operator #® := D ® idgyyy is a Hamiltonian
operator such that the conformal degree of = in a is A(x) = 1.

Recall that the Lie brackets extends to a Poisson bracket on the symmetric
algebra of a, which is the coordinate ring of the dual space a*. There is a
Poisson vertex isomorphism grl ©#(a) = C[J,a*]. The Poisson A-bracket is
given for z,y in a by {z)y} = [z,y].

Let g be a simple finite dimensional complex Lie algebra and h be a Cartan
subalgebra. Denote by (e|e) the non-degenerate symmetric invariant bilinear
form on g given by (e|e) :== (24") !k,, where £V be the dual Coxeter number
of g and g4 is the Killing form of the Lie algebra g. Then we denote

aF =g and  Vk(g) = VRCI®)(q).
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According to [DSKO6, Remark 1.23|, for any H in the Cartan subalgebra b,
the element #®+ (9H )1y defines a Hamiltonian operator vector of *(g). The
conformal degree of x in g is A(z) = 1 —§ if there is a complex number ¢ such
that [H,z] = ox.

Remark 5.2.1.1 (|DSK06, (1.60)]). In fact, by the Sugawara construction, the
grading on V*(g) comes from a conformal vector if and only if k+/4Y # 0. The
level k = —#Y, the vertex algebra %" (g) is not conformal.

For n a finite dimensional nilpotent Lie algebra and 0 the trivial bilinear
form on n, we use the notation

V(n) == v°n).

5.2.2. Clifford vertex superalgebras
Let V be a finite dimensional vector space equipped with a symmetric
bilinear form (e, e). The affine Clifford superalgebra associated with (V (e, e))
is the associative unital superalgebra, denoted by Cr (V), that is defined as
the quotient of the tensor algebra @ ,(V[t,t~1])®* by the two-sided ideal
spanned by

2t @ yt" + yt" @ xt™ — Spgn=—1{v, w)1,
for z,yeV and m,n € Z.

The Z/2Z-grading on Cl (V) is induced by the reduction modulo 2 of the Z-
grading on the tensor algebra. The superalgebra é\[(V) contains V[t,t71] as a
generating subspace.

Denote by Cl (V)>o the subalgebra spanned by V|[t], it is commutative.
Denote by C|1) the trivial one-dimensional module over Cl (V)>0. The Clifford
verter superalgebra associated with (V, (e, e)), also referred to as the vertex
superalgebra of charged fermions in [[KRWO03, KXW 04], is defined as the induced
Cl (V)-module

F(V)=ClUV) g ., CIL).

v
We identify  in V with 2t~ ® [1), so = is an odd element in F (V).

The module F (V') is equipped with a vertex superalgebra structure such
that the field associated with an element z in V is given by

z(z) = Z wt" 2L

nez

The vacuum vector is 1 := 1 ® |1). The A-brackets are given by
[$Ay] = <$,y>1 for r,yeV.

The vertex algebra F (V) is freely generated by any basis of V.
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Suppose that n is a finite-dimensional vector space with a basis {x;}} ;
and n* be the dual space with the dual basis {{;}* ;. The vector space n @ n*
is equipped with a symmetric bilinear form induced by the parity pairing, and
we can consider the corresponding Clifford vertex superalgebra F(n@® n*). We
use the notations

¢o =t ' ®[1) and ¢f =& @|1)

for  in n and € in n*. The vertex superalgebra F(n @ n*) is freely generated
by the odd elements

i = ¢y, and ¢; = bess
where 1 < i < d. The A-brackets are given for z,y in n and &, in n* by
[Gard] = &(x),  [Pardy] = [Perdy] = 0.
The Clifford vertex superalgebra F (n®n*) is graded by the so-called charge:
Fnon')=EPF n@n),
nez
charge(1) := 0,
where charge(9'(¢)) == —1 for z €n,
charge(@i(qbZ)) =1 for £en* and i>0.
The charge is additive for the normally ordered products:
charge(:¢¢’:) = charge(¢) + charge(¢') for ¢,¢' € F*(ndn*).
The exterior algebra A (n@&n*) is a Poisson superalgebra whose superbracket
is given for x,y in n and &, n in n* by
{¢z,0¢} =€&(x) and {ds, ¢y} = {9¢, o5} = 0.

The universal differential superalgebra A _(n @ n*) spanned by A(n @ n*) is a
Poisson vertex superalgebra and it has an analogue charge grading. There is
a Poisson vertex superalgebra isomorphism

gl Fe maon®) = A\ (n®n¥).

This isomorphism respects the charge grading.

For each 1 < i < n, fix a complex number m; and set Hy' () == —:¢}(2)¢;:
in F(n @ n*). These elements satisfy the relations [H?)\Hf] = 0i=jA. Then,
according to [DSIK06, Remark 1.23|, the element

n
L7 (me) == L7 + Y m;0H]
=1

is a conformal vector of F(n @ n*). The corresponding central charge is equal
to ¢’ (me) = Yo (—12m? + 12m; — 2). The conformal degrees are given by

A(¢pi) =1—m; and A(¢;)=m; for 1<i<d.
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5.2.3. Weyl vertex algebras
Let (V,w) be a finite-dimensional symplectic space. The affine Weyl algebra
associated with (V,w) is the associative unital algebra, denoted by @(V), that
is defined as the quotient of the tensor algebra @y (V[t,t~1])®* by the two-
sided ideal spanned by

vt @ wt" — wt" @ V" — dppn=—1w(v, w)1,

for z,y €V and m,n € Z.

It contains V[t,t~!] as a generating subspace.

Denote by @(ng the subalgebra spanned by V[t], it is commutative.
Denote by C|1) the trivial one-dimensional module over 0 (V)s0. The Weyl
vertez algebra associated with (V,w), also referred to as the vertex superalgebra
of neutral fermions in [[KRW03, K'W04] or S7-system, is defined as the induced
@(V)—module

AV) =w(V) BH1)s0 C|1).

P

Denote v, == vt~ ' ® |1) for any v in V.
The module A (V) is equipped with a vertex algebra such that the field
associated with v, for v in V| is given by

Uy(z) = Z vtz 7L

The vacuum vector is 1 := 1 ® |1). The A-brackets are given by
[Voathw] = w(v,w)l for v,w e V.
If {v;}2%, is a basis of V, then A (V) is freely generated by the
Vi =1y, for 1<i<2s.
There is a vertex Poisson algebra isomorphism
g (V) = ClI V],

where the Poisson bracket on the right-hand side is induced by the symplectic
form w, see Example 2.1.2.3.

Let {v'}2%, be the dual basis of V with respect to w, so that w(v;, v’/) = §;—;,
and set ¥ == 1,:. Then the element L7 = %Z?ilzﬁ(@bi)@bi: is a conformal
vector of A (V) and the conformal degree of v, is A(th,) = % for any v in V.

More generally, assume that there is a symplectic isomorphism of V' with
the cotangent bundle T* W of a Lagrangian subspace W of V. Assume that the

vector {v; }s_, form a basis of W, so {v'}5_, is a basis of W*. Set Hy' = —:pi;:
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for 1 < ¢ < 5. Their A-brackets are [Hﬁ)\Hf] = —J;—jA. For each 1 <i < s,
fix a complex number a;. Then, the element

L™ (ae) = L7+ a;0(H;")
=1

defines a conformal vector of A(V), and ¢ (as) = =3 dimV + 12377 a;? is
the corresponding central charge [DSIK06, Remark 1.23|. Then the conformal
degree are given by

A;) = % —a; and A = % +a;

for 1 <i<s.

5.3. Vanishing theorems for BRST cohomology

In this section, we define the BRST cohomology in the context of algebraic
group action on a Poisson variety with a moment map. The historical reference
is [KKS87]. There is an analogue for the arc space of a Poisson variety, and we
state a vanishing result for this BRST cohomology (Theorem 5.3.2.1). We also
define BRST cochain complex in the vertex algebra context. Good references
are [Arald, AKKMIS, AM25]. In Theorem 6 (5.3.5.1), we give a sufficient con-
dition for the BRST cohomology to vanish except in degree 0 and to compute
the graded Poisson vertex algebra constructed from the Li filtration on this
cohomology.

5.3.1. BRST cohomology for Poisson varieties

Let N be a connected affine algebraic group acting on a Poisson variety X
by Poisson automorphism, M be a connected closed normal subgroup of N
and p: X — m* be an N-equivariant moment map.

Consider a Poisson variety X endowed with an action of the group N and a
moment map [i : X = n*. In addition, assume the existence of a dominant N-
equivariant Poisson map p : X — X such that the following square commutes:

L}n*

(5.3.1.1)

e

The following construction is taken from [[<587]. Denote by {Z;}icrm) a
basis of the vector space n. Consider the graded Poisson superalgebra

G* = C[X] @ N*(n@ ),
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with the notations introduced in Section 5.2.2. It contains the following ele-
ment:

_ N 1
(5.3.1.2) Q=Y )’ = 5 D Ol ®iS)

1€l(n) i,j€I(n)

which is of charge one, and so odd. Consider the Poisson adjoint action of @,
denoted by d = {@, o}. The pair (5', J) forms a cochain complex and the
associated cohomology H® (5’,(?) has a natural structure of graded Poisson
superalgebra.

By definition, the dominant map p : X — X induces a Poisson algebra em-
bedding C[X] — C [)N( ] For simplicity, we identify the left-hand side algebra
to its image in the right-hand side. Under this identification, we can define the
following graded Poisson super-subalgebra of C ,

C* =C[X]®c AN (m®n*),

where A°®(m @ n*) denotes the Poisson super-subalgebra spanned by the ele-
ments ¢, and ¢g, where z is in m and ¢ is in n*. The super-subalgebra C' is
stable by the differential d.

Denote by d the restriction of the differential d to the superalgebra C. Then
the pair (C*,d) forms a cochain complex, called the BRST cochain complex
associated with the Poisson variety X, the acting group N and the moment
map p : X — m*. Its homology H*® (5‘,5) has a natural structure of graded
Poisson superalgebra. We refer to [ANM25, Theorem 7.1| for the following state-
ment.

Theorem 5.3.1.3. Let X be a Poisson variety with an action of the group
N by Poisson automorphism and an N -equivariant moment map p: X — m*
for the action of the normal subgroup M of N, and define the corresponding
BRST complex (C,d). Make the following assumptions:

1. the moment map p: X — m* is smooth,
2. there exists a closed subvariety S of u=1(0) such that the action map
a:Nx8S— pu10), (g2)—g-x
1S an isomorphism.

Then the subvariety S is isomorphic to p=(0)//N, so the variety S inherits a
Poisson structure. Moreover, there is a natural Poisson isomorphism

H*(C,d) = H*(n, C[N]) ®@c CI9],

where the right-hand side is the tensor product of the trivial Poisson superal-
gebra H®(n, C[N]) given by the Lie algebra cohomology of the n-module C[N]
(the action is by left-invariant derivations) and the Poisson algebra C[S].
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The Lie algebra n is finite dimensional and the Lie algebra cohomology of
the module C[N] is defined as the cohomology of the associated Chevalley—
Eilenberg complex, see [Wei97, Section 7.7] for details.

Remark 5.3.1.4. In [AM25], a proof is provided for M = N by using a spectral
sequence argument : the BRST cohomology is the total cohomology of a double
complex mixing Koszul homology and Lie algebra cohomology. This argument
also works in the case M # N.

5.3.2. BRST cohomology for arc spaces

Let p: X — X be a Poisson N -equivariant dominant map between two
affine Poisson varieties X , X equipped with algebraic N-actions by Poisson
automorphism. Let g : X — n* and i X — m* be two N-equivariant
moment maps such that (5.3.1.1) commutes.

The Poisson superalgebra C* = C[)Nf ] ®@c A*(n & n*) induces a Poisson
vertex superalgebra

Ce = C[Joof(] ®c No (n®n*),

in the notations introduced in Section 5.2.2. It contains the element @, intro-
duced in (5.3.1.2), which is of charge degree one, and so odd. Consider the
adjoint action of @, denoted by JOO = {Qv)\ ° })\:0. The pair (6;0, (?OO) forms
a cochain complex and its associated cohomology H*® (5’;0, c?oo) has a natural
structure of graded Poisson vertex superalgebra.

By definition, the dominant map p : X — X induces a Poisson vertex
algebra embedding C[Joo X] < C[Joo)? |, so to simplify, we identify the left-
hand side algebra to its image in the right-hand side. Under this identification,
we can define the following graded Poisson super-subalgebra of C~'Oo,

C% = ClloX] ®c NS (m & n),

where A° (m @ n*) denotes the Poisson vertex super-subalgebra spanned by
elements 0" ¢, and 8"(;52 for z in m, £ in n* and n a nonnegative integer. The

super-subalgebra C, is stable by the differential c?oo.

Denote by dy, the restriction of the differential Joo to the superalgebra C.
Then the pair (Cx,ds) forms a cochain complex, called the Poisson vertex
BRST cochain complex associated with the arc space of the Poisson variety
X with its action of N and the moment map p : X — m*. Its cohomol-
ogy H*(Cw,dx) has a natural structure of graded Poisson superalgebra. We
refer to [AN25, Theorem 9.2] for the following statement.

Theorem 5.3.2.1. Let X be a Poisson variety with an action of the group
N by Poisson automorphism and an N -equivariant moment map p: X — m*
for the action of the normal subgroup M of N, and define the corresponding
BRST complex (Co,dno). Make the following assumptions:
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1. the moment map p: X — m* is smooth,
2. there exists a closed subvariety S of u=1(0) such that the action map
a:NxS—u10), (g2)—g-x
18 an isomorphism.
Then there is a natural Poisson vertex isomorphism
H*(Cw,doo) = H*(n[t], C[JouN]) ®@c ClJo 5],

where the right-hand side is the tensor product of the trivial Poisson vertex su-
peralgebra H® (n[t], C[JooN]) given by the cohomology of the n[t]-module C[Joo N
and the Poisson vertex algebra C[JsoS].

Because n[t] is infinite-dimensional, one must explain the meaning of the
cohomology H®(n[t], C[JooN]). For any nonnegative integer m, the Lie alge-
bra n[t]/(#™*1!) is finite dimensional and the Lie algebra cohomology of the
module C[J,,N] is defined as the cohomology of the associated Chevalley—
FEilenberg complex,

Clmm = ClImX]@c A* ((n[t]/(t"))*) = ClImX] ®c A7, (n),

where /\,,(n*) denotes the m-jets of A(n*).

The colimit of these complexes is a cochain complex
C(.]E,oo = COhmm>0 CéE,m = C[JOOX] ®c /\;o(ﬂ*),

that is a subcomplex of the usual Chevalley—Eilenberg associated to the n[t]-
module C[JsN]. By definition,

H* (n[t], ClJooN]) := H*(Cep o0)-

Remark 5.3.2.2. Theorem 5.3.2.1 is slightly different than the statement given
in [AM25]. First, we deal with the case when M and N are not necessarily
equal, see Remark 5.3.1.4.

Moreover, in [AN25], the hypotheses of the theorem are less restrictive:
the moment maps p : X — m* and Joopt : Joo X — Joom™ are assumed to be
flat. We claim that if p is smooth, then Joou is automatically flat. Indeed, if p
is smooth, then J,u : J, X — J,m* is flat for any integer m > 0 [CLNSI18,
Proposition 3.7.4|. By using the equational criterion for flatness [[Nis13, Corol-
lary 6.5], we deduce that Joop is flat too.
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5.3.3. BRST cohomology for vertex algebras

Let M, N be two connected affine algebraic groups such that M is a normal
subgroup of N, and denote by m,n their respective Lie algebras. We assume
from now that the groups M and N are unipotent, in particular the Killing
forms of their Lie algebras are zero. Let U,G be two vertex algebras such
that ¥ is a subalgebra of .

Let ¢/(m),(n) be the universal affine vertex algebras associated respec-
tively with m,n. Let T : ¥(n) — ¥ be a vertex algebra homomorphism, it
induces an nt]-action on . We assume that the vertex subalgebra ¥ is a n[t]-
submodule of ¥. Moreover, we assume the inclusion Y(¥/(m)) C ¢. Whence,
by restriction of T, we get a vertex algebra map T : ¥/(m) — ¢ such that the
following square is commutative:

V(n)
(5.3.3.1)

T

"
V(m) ———

In particular, the vertex algebra ¢ is a module over the Lie algebra n[t]@m[t1].
The homomorphism Y : ¥(m) —  is called a chiral comoment map.

Let {Z;}icr(n) be a basis of n. Let #°(m@®n*) be the graded vertex subalge-
bra of the Clifford vertex algebra F*®(n@®n*) strongly generated by elements ¢,
and gzbg, where x is in m and £ is in n*. Consider the charge-graded vertex su-
peralgebra

C* =0 ®c F*(ndn).

It contains the element
N * 1 * 1k
i€I(n) 3,j€I(n)

which is of charge one and odd. Consider the operator given by 0-th mode
of @, denoted by d = é(o) = [@A ° }/\:0. The pair (é‘,g) forms a cochain
complex and its associated cohomology H*® (é’,(?) has a natural structure of
graded vertex superalgebra.

Define the following graded vertex super-subalgebra

C* =V R®cF*'(mdn)
of the cochain complex C.
Lemma 5.3.3.2. The super-subalgebra C is stable by the differential d.

Proof. Using the inclusions [n,m] C m and T(¢(m)) C ¢/, and the fact that ¢
is a n[t]-submodule of {/, the lemma follows from a computation on generators.
O
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Denote by d the restriction of the differential d to the vertex superalgebra C.
Then the pair (C*®,d) forms a cochain complex, called the BRST cochain com-
plez associated with the vertex algebra ¥, equipped with an action of n[t], and
the chiral comoment map Y : /(m) — ¢.

5.3.4. Nonnegatively graded quotient complex

Assume that the vertex algebra ¥ is graded in the sense of Definition 5.1.3.5
and that ¥ is a graded subalgebra. For any element x € ¥, denote by xa the
image of = through the natural projection ¢ — /(A).

Lemma 5.3.4.1. Suppose that the grading ofV and V is over KZ>0 Assume
that, for any element x in n, the image Y () lies in Daci V U(A).
Then we have the following A-bracket for all x,y in n:

[T(2)13T(¥)1] = [z, y))1.

Proof. Set X := T(z) and Y := Y(y) in . The elements X and Y belong
to Pacy V(A) so they decompose as X =370 X, s and Y =372, X, .
X K K
By (5.1.3.4), one has
1+7
K

AXyimYioy) =

that equals 1 if and only if i = j =n = 0.
Set Z = Y([x,y]). Because [x)\y] = [z, y], one has

Z =Y ([zay]) = [X,2Y] = X(p)Y,

the last equality follows since Z does not contain terms of strictly positive
degrees in the formal variable .
Comparing the degrees, we get the desired equality: Z1 = X Y3. O

When the hypotheses of Lemma 5.3.4.1 holds, there is a vertex algebra
homomorphism Yy : V(n) — ¥ such that YTy (z) := Y(z); for z in n. This
homomorphism is called the standard comoment map associated with T. Set

~ _ 1 ~ -
Qst = Z :Tst(mi)gb?: - 5 Z Qb[zl,mj]d);k@é; and ‘ﬂst = Qst(o)

i€l(n) 1,j€I(n)

Denote by dg the restriction of the differential Jst to the vertex superalgebra C.
Then, the pair (C®,ds) forms a cochain complex, called the standard BRST
cochain complex by analogy with [FF90, KRWO03].

Consider the linear subspace

g _Spanc{¢a:( n—1)C ((ﬂ¢$)( n—1) C‘ 20, zem ce G}
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of the BRST complex C. This subspace is closed by d and so it descends to
the quotient C$ = C*/J*. Denote by d the induced differential. Hence the
pair (C},d) forms a cochain complex of vector spaces, with no natural vertex
algebra structure in general.

The following theorem is a generalisation of [ANM25, Proposition 9.3].

Theorem 5.3.4.2. Let N be a unipotent affine algebraic group and M be a
unipotent normal subgroup. Let U be a nonnegatively graded vertex algebra and
1 be a graded vertex subalgebra. Let T: V(n) — U be a vertex algebra homo-
morphism which restricts to a homomorphism Y : V(m) — V. Assume that V
is a n[t]-submodule of V. Define the associated BRST cochain complez (C*,d)
and the quotient complex (C%,dy) as above. Assume the following conditions:

1. for all A in %Z%, the homogenous subspace G(A) is finite-dimensional,
2. for any element x in n, the image :f(:lj') lies in @Dy G(A),

3. the standard chiral comoment map Ty : V(n) — v defined by Lemma 5.3.4.1
induces a free action of the envelopping algebra U(m[t=t=1) on ©.

Then there is an isomorphism H*(C®,d) = H*(C%,dy) of vector spaces
induced by the canonical projection C — Cy.

To prove this theorem, we extend the Hamiltonian operator # of ¥ to the
BRST complex C = ¢ @c F(n @ n*) by adding the conformal vector Lg. The
degrees are #(¢;) = 1 and #(¢;) = 0 for z in n and £ in n*. This grading
descends to the subalgebra C and we denote the homogeneous subspaces by

1
CA)={ceC| #(c)=Ac} for A€ EZ%).
One gets an induced decreasing filtration on C defined by

Fhe= P c@) for peZ
A<—p/K

The filtration is exhaustive and bounded from below, that is to say,

¢=|JF4C and F,Cp=0 for p>0.
pEZ

This filtration is preserved by the coboundary operator by the second as-
sumption of Theorem 5.3.4.2. Therefore the filtered cochain complex (F§, C*,d)
induces a spectral sequence {(&,,d,)}22, [Weid7, Section 5.4]. The zero page
coincides with the standard BRST complex introduced after Lemma 5.3.4.1:

1
887‘1 = Gp+q (?17), ‘QO = ‘ystv
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for p,q in Z. In particular, the standard differential respects the conformal
grading. Whence, the first page is:

ir-ee(e o))

The standard comoment map Y : ¥(m) — ¢/ induces an action of the uni-
versal envelopping algebra U(m[t~!]t~1) of the Lie algebra m[t~1]t~!, denoted
by ‘st

Lemma 5.3.4.3. The 1-st page & = H*(C®, dy) is isomorphic to Lie algebra
cohomology H*® <n[t], O/ ([t 1t t U))

Proof. Apply the co-analog of the Hochschild—Serre spectral sequence [Vor93,
Theorem 2.3| on (C,ds;). It corresponds to the filtration defined by

ce C"P }

HSPC" =S 1 (~ma=1) " O, (~my—
pang {%( =) Py (cmy—1)C ’ o € (0*)P, mq € (Z0)?

where n,p are in Z. This filtration is nonincreasing, bounded from above (it
means that HSC" = C"), and it is preserved by the standard differential.
There is an induced spectral sequence denoted by {(&xs,r, dHs,r) }oo-

The standard BRST complex splits into a direct sum of finite-dimensional
subcomplexes because the Hamiltonian grading is preserved by the standard
differential and the dimension of each summand is finite as a consequence of
the first assumption of Theorem 5.3.4.2. For any A in %Z;O, the induced
Hochschild-Serre filtration on C(A) is finite and the associated spectral se-
quence {(Eus ,(A), dns,r)}o2, is convergent [Weid7, Theorem 5.5.1].

The zero page is given by the following vector space isomorphism

8fido = g1, CPM1 =V e A\ (m) ®c Ab(n"),
for p,q in Z. The first page is given by
&g = Hog(m[t™']t 71, 0) @c AL (n"),

where He(m[t~!]t71, 1) is the Lie algebra homology with coefficients in the
vector space ¥ equipped with the m[t~!]¢~!-module structure induced by Y.

The action of U(m[t~!t~!) on ¥ is free by assumption. Hence, this homol-
ogy given by

H, (m[t_l]t_l, V) = 5.:0 Hg(m[t_l]t_1, U) — (}/(m[t—l]t—l - U) )
Therefore, the spectral sequence collapses at the 2-nd page:

EHS .2 = dg=0 8%3,2 = dg—0 H” (n[t], O/ (m[t™e V))
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The spectral sequence is convergent on each homogeneous component (for the
Hamiltonian grading), so the infinity term of the spectral sequence is

(gllzftsl,oo = 0g=0 grgs HP(C®, dst).

The convergence also implies that the filtration on H*(C®, dg) is complete
on each homogeneous component and then the collapsing implies the equality
HP(C®, dy) = gr, " HP(C*, dyy),
and it also implies the isomorphism 8%’%7 - 8%"8172. Finally, we get the desired

isomorphism for all p > 0:

HP(C*, dyy) = HP (n[t], U/ (mft Yt v)).
OJ

Proof of Theorem 5.3./.2. Consider the filtration induced on the quotient com-

plex:
FL,C:=F,Cy/(F},Ccngd) for peZ.

Then the corresponding spectral sequence {(&; ,, ¢4 )} converges to H*(C).
The graded ideal associated with J is its standard analogue:

ngW g = gst = Spa‘nC{(bZ(—n—l)cv ‘gst(¢m>(—n—1)c ‘ n = 07 rem, ce G}a

which is graded by the Hamiltonian grading. The 0-th page of the spectral
sequence coincides with the corresponding quotient of the standard BRST
complex:

1 1
&Y = Gl’*q(gzﬁ /gst(gp)v dy0=dst4, for pqgeZ.

In particular, it coincides with the following Lie algebra cohomology com-
plex:
80 =V/(mt7)t7" - V) @c A5 (n).
So the first page is the following Lie algebra cohomology:

&) | = HP (n[t], U/ (mt 1t g v)).

By Lemma 5.3.4.3, the filtered complex map Fj, C* — FJ C} induces a
homomorphism of the corresponding convergent spectral sequences which is an
isomorphism at the first page:

80 = gh | P <n[t], U/ (mlt 1t v)).

Hence, the infinity pages are isomorphic and we get the cohomology isomor-
phism that we wanted:

Hp(G.a ‘Q) = HP(G—T—’ ‘Q-i-)
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5.3.5. Induced Li filtration on BRST cohomology

Let p: X — X be a Poisson N -equivariant dominant map between two
affine Poisson varieties X , X equipped with algebraic N-actions by Poisson
automorphism. We assume that there is a commutative square of Poisson
vertex algebra homomorphisms,

grV —~ s C[JX]

I J

grV ——— ClJo X],

where the horizontal arrows are isomorphisms.
Let p: X — n* and p: X — m* be two N-equivariant moment maps such
that the diagram (5.3.1.1) commutes. One gets the commutative square

Clloon®] —2= C[JoX]

] Jer

Cloem’] ———+ CllcX],

and we assume that this diagram coincides with the square induced by (5.3.3.1):

. Li ¥ ~
gr ¢ (n) LN gy

J J

grLi V(m) W grLi .

As before, introduce BRST cochain complexes for the vertex algebras,
C* =0V RcF (mdn) CC =0 acF (ndn),
and the BRST cochain complexes for the arc spaces,
2 = ClloX] @ A% (m@n7) € CF = C[JoX] @ A (n @ 1),

Clearly, one gets the following Poisson vertex superalgebra isomorphisms, com-
patible with the coboundary operators:

ge* >~ and gCt (e
The following theorem is a generalisation of [ANM25, Theorem 9.7].

Theorem 5.3.5.1. Consider the data introduced above. Make the following
technical assumptions:

1. the vertex superalgebra C is graded, C s a graded subalgebra and the
element Q defining the coboundary opemtorcﬂ is homogeneous of degree 1,
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2. the space § = Spanc{¢z(—pn-1)¢, (dPz)(—n—nyc|n >0, z€mM, c€C}
s a graded subspace of C,

3. the induced grading on the quotient space C4 = C/J is nonnegative,
4. there is an isomorphism H*(C®,d) = H®*(CY, d4.) of vector spaces induced
by the linear projection C* — C%,
5. the moment map p : X — m* is smooth, and there exists a closed sub-
variety S of u=1(0) such that the action map
a:Nx8S—u0), (g2)—g-x
is an isomorphism.
Then the cohomology vanishes in degrees other than 0:
H"(C*,d)=0 for n#0.
In degree 0 there is a natural isomorphism
grf HO(C*, d) = HO(gr o°, grti ¢),
where the filtration F on the cohomology H(C*®, d) is induced by the Li filtration
on the complex (C*,d).

Remark 5.3.5.2. Our assumption (3) is slightly more general than [AM?25, The-
orem 9.7|, where it is assumed also that C$(0) = C1. It will be necessary to
prove Proposition 6.2.3.1.

Remark 5.3.5.3. In the rest of the paper, we will use Theorem 5.3.4.2 to get the
condition (4) of Theorem 5.3.5.1. In particular, this means that two Hamilto-
nian operators will be needed: we will usually denote by #°4 the one used for
Theorem 5.3.4.2 and by #™" the one used for Theorem 5.3.5.1.

Assume that the hypotheses of Theorem 5.3.5.1 holds. The Li filtration
on C induces a filtration on the quotient C;, also denoted by Fi;. The Li
filtration is preserved by the coboundary operators d and 44 because of the
property (5.1.4.1) of this filtration applied to the element @ Denote by F the
filtration induced on their cohomologies. There are natural maps

gr' H*(C®,d) — H*(gr' C*, gr™ 9),
grf H*(CY,d4) — H* (gr Ce, grii g )
which make the following square commutative:
gr H*(C*,d) ——— H*(gr™ C*, grt ¢)

(5.3.5.4) Zl l

ng H.(G—.f—a "aJr) — H*® (grLi G-.}—v grLi "aJr)

The left vertical map is an isomorphism by assumption of Theorem 5.3.5.1.
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Lemma 5.3.5.5. The natural projection gr't C®* — gr™ C% nduces an isomor-
phism of vector spaces H®(gr™ €, gr ¢) = H*(gr™ Ce, griig,).

Proof. By assumption, there is an isomorphism of Poisson vertex algebras:
g % = O = ClJoc X] ®c AS (m @ 1)

which maps the boundary operator ¢ to de. It induces an isomorphism of
differential ideals
grLl g = 14,00 Kc Im,om

where I, o is the ideal of C[JoX] corresponding to the closed embedding of
schemes Joopt™1(0) = Joo X, and Iy o is the differential ideal of A°_(m & n*)
spanned by the elements ¢,, where z is in m.

Then we get a cochain complex isomorphism

g €% = Clloop ' (0)] ®c A2 (n*),

where the right-hand side corresponds to the Lie algebra cochain complex
of the n[t}-module C[Joou1(0)]. Then, it follows from the proof of Theo-
rem 5.3.2.1 that the natural projection gr'' C* — grM C? induces an isomor-
phism of vector spaces between their cohomologies. O

For any nonnegative integer m, the Lie algebra cohomology of C[J,,,N] is
the algebraic de Rham cohomology of J,,IN. Because this group is unipotent,
its cohomology is C in degree 0 and zero otherwise. Taking the colimit, the Lie
algebra cohomology of C[JN] is C in degree 0, and zero otherwise. Thanks
to Theorem 5.3.2.1 and Lemma 5.3.5.5, we deduce that

H" (gr' C*, g ¢) = H" (gr' €2, g ¢4) = 0
for any nonzero integer n.

Lemma 5.3.5.6. The cohomology H"(C% ,d) is zero if the integer n is nonzero,
and the natural map gr¥ H*(C,d1) — H®(gr™ €%, gr™ d,) is an isomorphism.

Proof. Recall that the complex C is nonnegatively graded by the third as-
sumption of Theorem 5.3.5.1. Moreover, by the first assumption, each ho-
mogeneous component C4(A), for A in %Z%), is a subcomplex. According
to [Aral2, Proposition 2.6.1], F¥.C4(A) is zero when p > A because the
Hamiltonian grading is nonnegative on the quotient complex. So the filtration
is finite on each homogeneous component.

To the filtered complex (F; C®,d;) is associated a spectral sequence, de-
noted by {(84 Lir, d+ Lir)}o2, Which is convergent on each homogeneous com-
ponent for the grading induced by the Hamiltonian operator. The first and
infinity pages are:

gi?m; = Hp+q(gr;%i cL, gr™ d+),

) F °
€ o = 81, H7TI(CT, dy),
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for p,q in Z. Because of the vanishing implied by the previous lemma and the
convergence on homogeneous subcomplexes, we get the desired isomorphism:

gr' H"(CY,dy) = H" (gr™ €3, g™ dy)
for any integer n, and both are zero if n # 0. So we deduce the equality
H"(CY,d) =0 for n#0.
O

Proof of Theorem 5.53.5.1. We go back to the commutative diagram (5.3.5.4).
The vertical maps and the bottom horizontal map are isomorphisms as a con-
sequence of the previous lemmas. So we can conclude that the top map is the
desired isomorphism too. The second lemma and the isomorphism

H*(C*,d) = H*(C2, d,)

given by the fourth condition implies that H"(C®, ¢) is zero when n is nonzero.
]
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6 - Reduction by stages for affine W-algebras

6.1. Construction of affine W-algebras

We construct the affine W-algebra 1%(g, f) by analogy with the finite W-
algebra U(g, f). We prove that all the constructions are equivalent to the one
due to [KRWO03, KW04], by using the equivalence between the constructions of
the Slodowy slice Sy (Theorem 6.1.2.4). We recall the Kac-Roan-Wakimoto
embedding and give a geometric interpretation to it (Proposition 6.1.4.2).

6.1.1. BRST cohomology

Let g be a simple finite-dimensional complex Lie algebra, h be a Cartan
subalgebra of g and G be a connected algebraic group whose Lie algebra is g.
Denote by (e|e) := (24") x4 the normalised non-degenerate symmetric bilin-
ear form on g.

Let f a nilpotent element of g and g = P54 g5 be a good grading for f
defined by the adjoint action of a semisimple element H in h. Let [ be an
isotropic subspace of the symplectic space g1. Let ny := [-“@g- be a nilpotent
subalgebra of g and N be the corresponding unipotent subgroup of G.

Denote by x = (f|e) the linear form on g associated with f and by ¥, its
restriction to n;. Let O := Ad*(IN)x, be its coadjoint orbit. Recall there is a
symplectic isomorphism oy : 1% /[ 5 O,

Consider the tensor product of vertex algebras V¥(g) ®c A (I-¥/1). It is
equipped with a vertex algebra map

Yoz V() — U (g) @c A(1H/1)
defined for any element x in n; by

T4+ Pgmodry i TE (L
T((z) = r+x(@)l if zeg

x otherwise.

The data of this chiral moment map allows to define the BRST cochain com-
plex, denoted by (Cy, d|), where

er = vk(g) @c A /1) @c F*(n @ n*).

Denote by
WH(g, f, H,1) = H*(C. &)

the vertex superalgebra constructed by this cohomology.
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Remark 6.1.1.1. This is the affine analogue of the BRST complex that is used
in [DDCDST06] to construct finite W-algebra. The W-algebra W* (g, f, H, {0})
corresponding to the zero isotropic subspace is the one constructed by Kac,
Roan, and Wakimoto in [KRWO03|. In [AKM15], an h-adic version of the affine
We-algebra algebra is constructed for a Lagrangian subspace [. To our knowl-
edge, the W-algebra 1%(g, f, H,[) for nonzero [ appears only in [AM25], for [
Lagrangian.

Recall from Section 5.2 the following Poisson vertex algebra isomorphisms:

g V8 (g) 2 Cllwg®], g™ A (/1) 2 ClIH+/1]
gt U(n) =2 Clloon], g Fo(n@ng®) 2 AL (@ nf*).

In Section 2.2.3, we introduced the moment map
ps gt x (C9/0) — n*, (&0 mod ) — m(€) + X, + ad*(v)X,

where 7 : g* — n/™* is the restriction map. If one takes the graded object
corresponding to the Li filtration on the homomorphism T of vertex algebras,

one gets the arcs of the moment map p. Denote by (C?

oo di ~) the associated

Poisson vertex BRST complex, where:
Croo = Cllsg™] ®c Clloo (/)] ®@c A% (0 © n*).

There is a Poisson vertex isomorphism gr™ Cr = CE - that respects the cochain
structure.

The following theorem generalises [[<\W04, Theorem 4.1 for [ = {0} and
[AN25, Theorem 9.7| for [ being Lagrangian.

Theorem 6.1.1.2. The following cohomology vanishes outside degree 0:
H™"(C, &)  for n#0,
and there is a natural isomorphism
grf HO(C?,dy) = HY(CP o, dioo)

where the filtration F on the cohomology H(Cy, d\) is induced by the Li filtration
on the complex (Cy,dy). In particular, W¥(g, f, H,1) = HY(C, &) is a purely
even vertex algebra.

It is a straightforward generalisation [ANM25, Theorem 9.7], we only sketch
the proof.

Sketch of proof. We first apply Theorem 5.3.4.2 to the BRST complex (Cy, &)
where the vertex algebra V*(g) ®c A(I-%/I) is graded by the Hamiltonian

old .

operator given by #H°¢ = #% + Loﬂ. So, we get an isomorphism

HY(CF,d) = H(CF ., d1.4)
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where (G["+, di+) is the quotient complex defined as in Section 5.3.4. See [AN25,
Proposition 9.3] for details.

Fix a basis {; }ics(n,) of n which is homogeneous for the good grading and
denote by 6(x;) the degree of x;. Equip the complex C; with the Hamiltonian
operator

1 1
FY = O+ §(BH)(1) + Li' + L7 (me)o, where me = 55(56.).

Thanks to the smoothness of p (it is a surjective affine map) and of the
isomorphism Ny x Sy = ,u[’l(()) stated in Theorem 2.2.3.3, we can apply The-
orem 5.3.5.1 and conclude the proof. ]

6.1.2. Equivalence of the constructions

t([??

In the previous section, all the objects related to [ were denoted with a
subscript. For [ = {0}, we omit the subscript:

n=g>1, N=G>1, X=xIh O=Ad*N)X, o:91 0.
There is the twisted moment map
prgtxgr— (&) — () + X +ad"(v)X,

where 7 : g* — n* denotes the restriction map.
The vertex algebra BRST complex is denoted by (C®,d), with

C* = vk (g) @c A(g1) ®c F*(n @ n*).

We want to compare its cohomology to the one of the BRST complex for a
generic isotropic subspace [ of gy, denoted by (C, ).

Denote by A (I-*) the vertex subalgebra of the Weyl vertex algebra A (g;)
which strongly generated by the 1, for v in [*. The map

Y :V(gz1) — V*(g) ®c A(a1)
restricts to a vertex algebra homomorphism
Yine : V() — V¥(g) @ A(1H).

As in [AKM 15, Paragraph 3.2.5], we can define an intermediary BRST complex
denoted by (€}, dint) Where Ciy is the subalgebra of C defined by

Chi = V¥ (g) ©c A (M) ®c F* (m @ ),

and the operator ¢, is the restriction of the coboundary operator ¢ to the
subalgebra Ciy.
By construction, one has the injective homomorphism

H1 : (Gi.ntn"aint) — (G.,(Q)
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of cochain complexes, and compatible with the vertex superalgebra structure.
The linear projections [-* — [+* /[ and n* — n/* induce a surjective homo-
morphism

H2 . (G.

int»

dine) — (CF, dy)

of cochain complexes and vertex superalgebras.
Let us denote by
O == Ad"(N)X;

the Nj-orbit in n;* of the restriction of x to ny, called the intermediary orbit.
The following lemma is proved in the same way as Proposition 6.2.2.2.

Lemma 6.1.2.1. The isomorphism o : g1 5 Opax induces an isomorphism
Oint : 91/ — Oine, (v mod ) — X, + ad*(v)X;.

On the coordinate ring side, we see that C[gy/I] = Sym [+, The latter is
a Poisson subalgebra of Sym g1, whence g1/l = Oy is a Poisson variety.

Remark 6.1.2.2. In [AIKM15], they do not need an intermediary orbit because
their choice of intermediate complex is slightly different from ours. We modify
their construction in the perspective of proving Theorem 5 (6.2.3.7), for which
such intermediary orbit is necessary.

The intermediary moment map is defined as
ping g7 X (g1/0) — 0, (§v) — m(€) + X+ ad™ (v)X-
It is an N-equivariant homomorphism because Ny is a normal subgroup of N.
Lemma 6.1.2.3. The projection map and the embedding
g x g1 — g x (g1/1) and g* x (IF¥/1) — g* x (g1/1)

induce Poisson isomorphisms between the corresponding Hamiltonian reduc-
tions:

pu”H(0)//Ne 2 ping ™ (0)//N 2= p~H(0) //N.
Proof. The projection maps g* x g1 — ¢g* x (g1/[) — g¢* induces an N-
equivariant isomorphism

17H0) 2 i M (0) = —x + (gs2) T

It is clear because of the parametrization o, of the intermediary orbit Ojy.
Then the lemma follows from Corollary 2.2.5.1. O

Theorem 6.1.2.4. The following inclusion and projection maps of cochain
complexes

Iy = (Chgy ding) = (C*,d)  and Iy : (Chy, dint) — (CF, )
induce vertex algebra isomorphisms between their cohomologies:

HO(CP, &) = HO(C,, ding) = HO(C®, d).

nt»
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Proof. Thanks to Lemma 6.1.2.3, we can apply Theorems 5.3.4.2 and 5.3.5.1
to the cochain complex (€, dint) seen as a subcomplex of (C*,d) and we get:

H"(Chy, dint) =0 for n#0,

int»
grf HO(CR, diny) = HO(gr Cf g ding).

nt»

The cochain maps II; and Il; induce vertex algebra maps after taking the
cohomology, denoted by

U, HOY(CS

int»

dint) — HO(C®,¢) and Uy : HO(C?

int»

dint) — HO(CP, &),

Consider the Poisson vartiety isomorphisms of Lemma 6.1.2.3. They induce
isomorphisms of Poisson vertex algebras after passing to arc spaces and coor-
dinate rings. These isomorphisms coincide with the associated graded maps

grf oy - HO(gr e

int> grLi &int) — HO (grLi G., gI‘Li (Q)
and
grf U, Ho(grLi c?

s 88 ding) —> HO (gr™ OF, gr™ ),
hence grf ¥y and gr® ¥y are isomorphisms.
The Hamiltonian operator #™*" introduced in the proof of Theorem 6.1.1.2

induces a nonnegative grading on the three vertex algebras

(6.1.2.5) Hoer,d), HOCS,, ) and HY(C*,d),

nt»

and the maps ¥; and ¥y commute with the Hamiltonian operators. The fil-
trations F induced on the cohomologies by the Li filtrations on the BRST
complexes are finite on each homogeneous component of these Hamiltonian
gradings. This follows from the fact that the cohomologies (6.1.2.5) are iso-
morphic to

HO(G[.,—H J[Hr)’ HO(Gi.nt,—i-v "qint,Jr) and HO (G—.‘,—a ‘Q+)a

and it follows from the proof of Lemma 5.3.5.6 that the filtrations F on the
homogeneous components of these cohomologies are finite.

Because the maps gr ¥, and gr ¥, are isomorphisms, and because the
filtrations are finite, the maps ¥y and ¥4 restrict to isomorphisms between the
homogeneous components, so they are indeed isomorphisms. ]

Denote by W¥(g, f, H) the unique vertex algebra obtained by computing
the cohomology HO(G[' ,dy) for any isotropic subspace [ of g;. It is called the
affine W-algebra associated with the good pair (f, H) at level k.

Theorem 6.1.2.6. For any nilpotent elements f, f' in the orbit O and for any
semisimple elements H, H' defining good gradings for these nilpotent elements,
there is a vertex algebra isomorphism between the associated W-algebras:

W (g, f,H) = Wg, f', H').
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Proof. With Theorem 6.1.2.4, the arguments used in [BG07, Sections 4 and 5|
to prove the analogue statement for finite W-algebras by the way of adjacent
good gradings can be applied to affine W-algebras. O

As a consequence, the affine W-algebras 10%(g, f, H) constructed above
only depend on the nilpotent orbit O which contains f. They are called the
affine W-algebra associated with the orbit O at level k and denoted by W¥*(g, f).

6.1.3. About the structure of the affine W-algebra

Let us consider the construction of the W-algebra for the trivial isotropic
subspace [ = {0}:

Wk(g, f) = HY(C*,¢), where C*:=0V(g) ®c A(g1) ®c F*(n @ n*)

and n stands for the nilpotent Lie algebra g>;. This is the construction origi-
nally done by Kac, Roan and Wakimoto in [[XRWO03, KKW04].

Let us denote by {;};c I(g) @ basis of the Lie algebra g containing a ba-
sis {z; }ie I(n) Of the subagebra n and assume that these bases are homogeneous
the good grading of g. Denote by d(z;) the degree of z;. For any element x in
the Lie algebra g, introduce the element

JY =z + Z cf(x):qﬁkqﬁ;-: of Co,
j,k€l(n)

where the c;‘? (z) are the structure constants defined by the relations

(6.1.3.1) [z, ;] = Z c?(x)mk

kel(g)

The BRST complex C*® contains two interesting vertex subalgebras. The
first one, denoted by C., is strongly generated by J* for x in the negative
parabolic subalgebra g<g, the subalgebra A (g;) and the positively charged
generators ¢2 for € in n*. The second one, denoted by C_, is strongly generated
by the negatively charged generators ¢, for z in n and their images d(¢,) by
the coboundary operator.

Both are graded by the charge and stable by ¢. There is the tensor product
decomposition C* = C$ ®c C*®. Note that the subcomplex C$ is nonnegatively
graded for the charge, so H(C$,d) = Ker(d) N CY.

Proposition 6.1.3.2 ([[X\W04, (4.5) and Theorem 4.1|). The vertex algebra
inclusion CY — C® induces an isomorphism between the cohomologies:

Ker(d) 1 CY = 0¥ (g, ).
We equip the complex C with the Hamiltonian operator

1 — 1
(6.1.3.3) = H® — 5(8H)(1) + L + L7 (ma)o, where mg = 55(;13.).
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It commutes with the coboundary operator d and then it induces a grading on
the W-algebra #W*(g, f). If the element z in g is homogeneous of degree 6(x)
for the good grading, then the conformal degree of J® is A(J?) =1 — 35(z).

Theorem 6.1.3.4 ([[X\W04, Theorem 4.1]). Let {z;}!_; be a basis of g/ which
1s homogeneous for the good grading. For each index 1 < i < [, one can
construct an element JU in Ker(d) N CY = Wk(g, f) such that the following
properties hold.

1. The family {JUY_ | freely generates the W-algebra.
2. The Hamiltonian degree of each JU is 1 — 15(x;).

3. The elements JU are of the form JU = J% 4+ T}, where Ty is a linear
combination of normally ordered products of elements of the form

0"(J*) where n€Zsy and (x;) <d(xj) <O,
or of the form
0" () where n€Z>y and vE€E g,
so that the Hamultoniam degree of each product equals 1 — %(5(%)

6.1.4. Geometric interpretation of the Kac—Roan—Wakimoto
embedding

Recall that G¥ is the connected subgroup of G whose Lie algebra is
¢ =g/ Ngo.

Let {v; 2221 be a basis of the symplectic space g; and {v* 1,221 be the symplectic

dual basis. These vectors correspond to fields v; and 4" in the Weyl vertex
algebra A (g1). We state the Kac-Roan—Wakimoto embedding.

Proposition 6.1.4.1 ([[XRW03, Theorem 2.4]). For any x in g*, the element
of (93 defined by the formula

2s
J = g7 4 5 ;w w[u“x]

belongs to the W-algebra 195 (g, f).

Moreover, there is an invariant symmetric bilinear form 71, on the Lie al-
gebra g% such that the mapping © — J induces an injective vertex algebra
embedding

OF - U (g") — WH(g, f).
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In [KRWO03, [KW04], the formula defining ©F comes from the explicit com-
putation of the low degree generators in Theorem 6.1.3.4. This formula has in
fact a very natural geometric interpretation. In Section 2.2.6, we used reduc-
tion by stages to reprove a well-known result of Premet: G acts on p~1(0)//N
with a moment map 6 : u=1(0)//N — (g%)* whose comorphism is given for =

in g° by:
2s

1 )
ﬂ * _ - Q.
() (z) =z®1+ 2 211®U [vi, 2] mod T,
that lies in ((C[g*] Rc C[gl])/I)N. The following proposition is then clear.

Proposition 6.1.4.2. The moment map 6° : u=1(0)//N — (g°)* is the geo-
metric analogue of the vertex algebra embedding ©F : V7 (gh) — Wk(g, f) in
the sense that the following square of Poisson vertex algebra homomorphism
commutes:

gt V™ (gf) ——— ClJoc(g%)"]

grt 01| |00

g Wk(g, f) —— ClJoo(1(0)//N)].

The horizontal isomorphisms are provided by Section 5.2.1 and Theorem 6.1.1.2.

6.2. Chiral reduction by stages

We state reduction by stages for affine W-algebras under Conditions (%),
see Theorem 4 (6.2.1.3). To prove it, we provide a new construction of the
Slodowy slice Sa (Theorem 6.2.2.6) to deduce a new construction of W* (g, f2),
that is to say Theorem 5 (6.2.3.7).

6.2.1. Reduction by stages for affine W-algebras

For i = 1,2, let f; be a nilpotent element and H; be in the Cartan subal-
gebra b. Assume that the Lie algebra grading g = @ 4 g((;) defined by the
adjoint action of H; is a good grading for f;. Since [Hy, Hs] = 0, the good
gradings define a bigrading g = @51’52€Z 95,.5,- Set fo = fo— f1.

Assume that Conditions (%) hold and consider the nilpotent subalgebras
ng, n; and ng constructed in Section 2.3.1. Recall that the corresponding
unipotent subgroups of the reductive group G satisfy the semi-direct product
decomposition No = N1 X Ny. For ¢ = 1,2, one has by definition

n =LY g(;)Q,

where [; is an isotropic subspace of ggi) such that the symplectic isomor-
phism 91,1 = [iJ"wi/[i holds.

Introduce the nilpotent Lie algebras

ny = g(>11)

>

146



The Lie algebra n; corresponds to the choice of the zero isotropic subspace
of ggl) in the construction of the affine W-algebra #*(g, f1) described in Sub-
section 6.1.1:

Wh(g, fi) = H(C},d), where Cf = V*(g) 0c A(g!") o F* (M1 @ ).

Moreover, as recalled in Proposition 6.1.3.2, the affine W-algebra can be con-
structed as a vertex subalgebra of the BRST complex:

(6.2.1.1) W*(g, f1) C Ker(d1) N CY.

Let {v; ?il be a basis of the symplectic space ggl) and denote by {v' 1221

the symplectic dual basis. These vectors correspond to fields v; and 9 in the
Weyl vertex algebra ﬂ(ggl)). Denote by {;};c(s,) a basis of the Lie algebra n;
and by ¢;, ¢} the corresponding strong generators in the Clifford vertex algebra
denoted by F*(n; @ ny*). Denote by c;“(m) the structure coefficient as defined

in the formula (6.1.3.1).

Lemma 6.2.1.2. There is an embedding of vertex algebras V(ng) — 0¥ (g, f1)
given for any x in ng by the formula

2s
" L . k()™
x— J }=$+2Z_1“1’ Vet + D ¢ (@)iprd]s,

jvkel(ﬁl)
where the right-hand side element is a priori defined in élo

Proof. According to Proposition 6.1.4.1, there exists an invariant symmetric

bilinear form 7']51) on the Lie algebra gh! = g(()l) N g/t such that there is an ex-

plicit vertex algebra embedding pm (g®1) < Wk (g, f1). The bilinear form T]gl)

is identically zero on the nilpotent subalgebra ng of g»!, the lemma follows. [

Because the restriction | of the linear form x2 to the Lie subalgebra ny is
a character, we get a vertex algebra map

Yo : V(ng) — WHg, f1)
defined for a free generator x in ng by
Jih 1 if
To(z) = + x2(z) . I € goz2
JEE otherwise.
We state Theorem 4.

Theorem 6.2.1.3. Assume that Conditions (%) hold. Following Section 5.3.3,
to the chiral comoment map Yo : V(ng) — W¥(g, f1) corresponds a BRST
cochain complex (CF,do), where Co == Wk (g, f1) ®c F*(ng ® np*).

Then the cohomology of this complex is concentrated in degree 0 and iso-
morphic to the affine W-algebra W*(g, f2):

H’(Ga, (QO) = 50:0 wk(gv f2)
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To prove Theorem 6.2.1.3, we need to find a natural map
HO(Gaa &0) — Wk(ga f2)

To do so, we need to introduce a new construction of ##*(g, f2) that relies on

the nilpotent algebra

ng == 9(211) @ ny,

that satisfies the semi-direct product decomposition:
ﬁg = ?{1 ®ng and [ﬁl,no] C 51.

Remark 6.2.1.4. In general, the Lie algebra ny is not equal to 9(221) In fact, it
does not come from a good grading for fs.

Example 6.2.1.5. Take g = sly the Lie algebra of traceless square matrices of
size 4. Denote by E; ; the elementary matrices. Take

0 0

fi= 0 and fo = 1 0
1 0 1 0

the two nilpotent elements introduced in Example 2.3.1.5. One has:

1 0 x =% 1 * x %
m:{ 10 * } ﬁlzg(l)z{ 10 « }
10 ’ >1 1 % ’
1 1
1 0 x =« 1 * *
(2) 1 * ~ 1 *
921:“2_{ 10 } “2:{ 1 % }
1 1

Pick a basis {x;};c;G,) of n2 which is the union of a basis {2;};cs(,) of m
and a basis {Z;}ier(ny) of no. Introduce the chiral comoment map

Ty : V(1) — VE(g) ®c ﬂ(ggl))

defined on strong generators x € ny by:

;

2s
1 ; .
T+ B Z;Iw 7#[%96]: +x2(z)1 if z€mng

To(z) = 4+, if z€ ggl)
r+x2(z)l if z€ 9(21)

|« otherwise.
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Denote by (ég', 32) the associated BRST complex, where
C3 = V¥(g) @ A(e}) e F° (R @ ).

Recall that the differential (’,JQ is the 0-th mode of the element

A ~ * 1 * %

Q2= Y Mo(w:)of: — 3 D Oy G

iel(ns) i,j€I(n2)
As a charge-graded vector space, the cochain complex has the tensor prod-
uct decomposition
62. = Gl. Kc 9“(110 D 110*).

Because of the embedding (6.2.1.1), one has a vertex superalgebra embedding

Cy CC3.

Recall that the differential dp on the cochain complex C§ is given by the 0-th
mode of the element

Z TO xz Z Qb[xl,zj sz ¢j

1€I(ng) ,]EI(HO)

Lemma 6.2.1.6. 1. The decomposition @2 = @1 + Qo holds in 65 Hence,
the decomposition do = d1 + dgy holds as operators on C3.

2. The X-superbracket [@1)\@0] 18 zero. Hence, the superbracket [Jl,(ﬂo] of
operators is zero.

Proof. By definition, ¢, » 107 ¢}: = :gb[xi’zj](:gé;‘gb;:):. Because their A-bracket

is zero, one can permute the last two terms:
(b[:tl,x]]é;kgb; = _¢[xz,x]]¢;¢;k
Then it is clear that

2s
@2 = @l + Z I(l? + %Z¢l¢[vz,z] + X2($)>¢i: + Z Qs[xz,r]]gb;kqb:‘

1€I(ng) i=1 1€I(ng)
JEI(m)

> Py, 050

i,je[(n())
We recall the associator formula [DSK06, (1.40)]:
:( (z)[:p“a:] QZS; )d)l ¢[ml,zj]( ¢]¢z )
n+l¢[:vl,a:]])(¢] (bz) (8n+l¢;)(¢[11,xj](n)¢:)>

n=>0

/
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If i € I(ng) and j € I(ny), then one has for all nonnegative integer n:

¢j(n)¢f =0 and ¢[azl,wj](n)d)2< = 07
the second equality is due to the fact that [z;,x;] belongs to n;. Hence if ¢ is
in I(ng) and j in I(ny), then
(gb[ml,xj](rb;k)QS;k - gb[m,x]](gb;kqs;k) =
We deduce that

I 1 _
Q2=0Q1 + Z (Jlzit + x2(z i 5 Z [mz,zj]qbz qu = Q1+ Qo-
el(n

i€l(no)

According to [[KRWO03, Theorem 2.4(a)|, one has [@1,\,]{‘”}] = 0 for all =
in ng. It follows that [@1)\@0} = 0. O

As a consequence of this lemma, the embedding (6.2.1.1) induces an em-
bedding

Ker(do) N CY C Ker(dy) N Cy  for n € Z.

Taking the cohomology, we get a natural map
(6.2.1.7) 0 : H*(C3,do) — H*(C3, dy).

To prove Theorem 6.2.1.3, it is enough to show that this map is an isomor-
phism and to prove that the codomain is isomorphic to 19%(g, fo).

Remark 6.2.1.8. If g(1 = {0}, then ny = n; and ny = ny. The construction
is simplified because Theorem 5 is obvious in this this case: one can use the
ideas of [MR97] and only needs homological algebra tools. To generalise the

()

construction to the case g; # {0}, we need to use some geometry.

6.2.2. New construction of the second Slodowy slice

In this section, we prove that the (arc space of) the Slodowy slice So
can be computed by a BRST cohomology associated to the group ns (Corol-
lary 6.2.2.8).

Lemma 6.2.2.1. The inclusion [ng,na] C ng holds.
Proof. We use the decomposition ny = n; @ ng. We have the inclusions
(

n,ny] C g>2) Cny and [ng,ng] Cnp C ny.

It remains to show the inclusion [ny, ng] C na.
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Recall the decompositions 1y = g1, ® (g(>11) ﬁg(;l)) and ng = a® (g, (1) ﬁg(>2))
The inclusion [ny, ng] C ng follows from the following inclusions:

f1,05” Ne2)] € 62,62  [91.0, 90.1] € na,

1 1 2
[9;1) ﬂgéf,a] c [gif ﬂg&f,go 1] € g( ) C o,
[91,0,a] € [g1,0,80,1] € g1,1 C na.

O

Take ¢ = 1,2. The nilpotent Lie algebra n; is the Lie algebra of a unipotent
subgroup N; of G, which acts on g* by the coadjoint action, and this action is
Hamiltonian with the moment map given by the restriction map

%i:g*—>ﬁi*, fl—>€|gL

Denote by O; = Ad*( i)Xi the coadjoint orbit of the linear form x; := x;lg, -

By the Gan-Ginzburg construction applied to ny = 9(21) (Subsection 2.2.3),

there is a symplectic isomorphism

01 ( ) —)@1, U'—)S(vl—f—ad*(’l))kvl.

Hence, the fibre of the orbit by the moment map is
#7HOr) = xa +ad(g) ) @ (gL

There is a natural map given by the inclusion 7r1*1((91_ ) C %1*1(@1_ )
This inclusion is Ng-equivariant, each subspace is indeed Ny-stable because of
the semidirect product decompositions. By Corollary 2.2.5.1, this inclusion
induces an isomorphism

mNOr) /Ny = 7 (Or ) /N1

Moreover, the Ny-actions descend to both quotients and the isomorphism is
Np-equivariant.

The Lie algebra ny is not covered by the Gan—Ginzburg construction in
general. But analogue properties hold.

Proposition 6.2.2.2. There is a symplectic isomorphism given by the map

~ ~ ~ ~ ~ ]- * ~
o2 : 951) — Oy, v+— X2 +ad"(v)x2 + 2 ad (”)2X2

Moreover, the restriction map ns* — n1* induces a symplectic isomorphism

between the coadjoint orbits @2 and ©p. Whence, the following diagramm com-
mutes:

*

@2 ‘—)ﬁg

ggl) i zl J{

*

@1‘—)51.
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Proof. Notice the equality Ad*(Ny)x2 = {Xx2} which follows from the decom-
position fo = f1 4+ foy, the facts that f; is a fixed point for the action of Ny
and that the restriction of Yo to no_ is the character x,. Because there is the
semidirect product decomposition N2 Nl X Np, one has

= Ad*(N1) Ad*(No)x2 = Ad*(N1)X2

The action of group Nj is the exponential of the action of its Lie algebra n;:

Ad*(N1)X2 = {Zgad*( 0)*%s | veﬁl}.
k>0

Take k > 3 and v in ny. Since f3 is in g(>) 5, the element ad(v)*(f2) belongs

to 9;272 - 9(21) The inclusion 9(21) C nyt implies that (ad(v)*(f2)[n2) = 0.

Hence,
ad*(v)fx2 = 0.
Let us check that if v belongs to 9;12) and k > 1, then ad*(v)¥Yy = 0. The

(212)k < 9(212) that is orthogonal to ny C 9(218' The

element ad(v)* fo belongs to g
element ad(v)* f; belongs to g(>12)(k71), which is included in g(;Q) for k> 2

It remains to look at ad(v)¥f; when k& = 1. We use the decomposition:

ny = 9(;2) Dadgr1Dg21 D oo

Because fi is in g_p o and 9;12) - gg, the element ad(v)f; belongs to the
intersection g(l) N 9(2211- The only way ad(v)f; may not be orthogonal to ny
is when v is in go;. But, by construction of a, one has wa(v,a @ g21) = 0,
so ad*(v) f1 is orthogonal to a and then to ns.
This proves that

~ 1 - ~ - 1 ~

02 : 95 b ny", v X2 +ad*(v)x2 + 2 ad*(v)*X2
is a well-defined surjection. It is clear that the composition 7 o g9 = 71 be-
cause the projection no* — ny* is N1 -equivariant. This proves that o o2 is an
isomorphism and that the projection restricts to an isomorphism (92 (91 O

Corollary 6.2.2.3. The orbit @2 1s described by the formula
- 2
= { > 7l ad*(v)"X2 | v € g0 ® 91,1} @ ad*(g1,2)X2
k=0 """

Hence, the fibre of the orbit Oy by the moment map is

2

PRCYE { g ad*(v)fx2 | v € g1 ® 91,1} @ ad*(g1,2)x2 ® Mo
k=0
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Proof. Take v in g1,0® g1,1 and w in g1 2. One has
ad* (v +w)?Xe = ad*(v)*X2 + ad* (w)*X2 + ad* (v) ad* (w) X2 + ad* (w) ad* (v) Xa.

It is clear that the elements ad(w)?f2, ad(v)ad(w)fo and ad(w)ad(v)fs be-

long to g(;g N g(;g and the latter subspace is contained in the orthogonal sub-

=~ 1,(e

space no7(*1*) hence we get the equality ad*(v + w)?X2 = ad*(v)?X2. Then,

the corollary follows immediately from Proposition 6.2.2.2. O

Remark 6.2.2.4. Note that the description of the orbit O needs quadric terms
in the parameter v in g1, ® g1,1, contrary to Oy.

We compute the corresponding Hamiltonian reduction by using the fact
that the Hamiltonian action of Ny is well-understood, and the reduction by
stages as well.

Lemma 6.2.2.5. The inclusion ma~*(Oy) C 75 * (@2_) holds.

Proof. By construction, there is the decomposition ng = ny @ gq,9 of vector
spaces. Then, the orthogonal of ny for (e|e) is ng=(®l®) = @y b(el®) @ g 4 .
Using the fact that ad(f;) induces an isomorphism g2 = g—1,9, and the iso-
morphism g = g* induced by the bilinear form (e|e), we deduce the equality

Nt @ ad*(g12)x1 = o™t

We have the inclusion [f2, g12] € g—1,0 @ 91,0 and the adjoint action of f,
is injective on g; 2. Because of the inclusion g; o C n2, we deduce that

ngt =yt @ ad*(g12)x1 = R2 " @ ad*(g1.2)X2.

One has the equality ad*(g1,1)x2 = ad*(g1,1)x1 since [fo, 81,1] € g1,-1 = 0.
We get the explicit descriptions of both fibres:

T 1Oy ) = —xa +ad*(g1,1)x2 ® 2™,
#271(05) = { = x2 — ad* (0)x2 — ad" (w)x
— %ad*(v + w)2X2 |veEgo, we 9171} Byt
The inclusion is now clear. O
Theorem 6.2.2.6. The inclusion of Lemma 6.2.2.5 induces a map
w1 (9)//N2 — T2 H(Oy) // N
which is a Poisson isomorphism.

For the proof, we need the following analogue of Lemma 2.3.3.5.

153



Lemma 6.2.2.7. The isomorphism given by Theorem 2.2.5.3,
a1 Nix St =7 (07), (9.6 — AdY(9)S,
restricts to an isomorphism
N1 (=2 + [, ea] " Nng®) = 77 (Oy).

Proof. There is an inclusion —ya+[g, e1]*-Nngt C %2_1 (@2_) and the right-hand
side variety is ]\Nfl—stable, hence there is a closed embedding

621 (j\vfl X (—XQ + [g,el]L N HOJ_)) - %;1 ((9;)

Both varieties are irreducible, so if their dimensions coincide then they are
equal and the lemma is proved. The right-hand side has dimension
dim(7, "1 (O5)) = dim g{") + dim(f)" = dim g{") + dim g — dim @i,
(

= dimgll) + dim g — dimn; — dimny.

Because a; is an isomorphism, we have dimn; + dim g°* = dimg — dimny +

dim ggl). Hence

dim(72 (95 )) = dim g — dimng + dim @
Moreover, we proved in Lemma 2.3.3.5 that
dim g — dimng = dim[g, e;]* N ng ™,
whence
dim g* — dimng + dimny = dimny + dim|g, el]L Nng™.
This is the dimension of o (]\71 x (—x2 + [g, 1] Nngt)), hence

dim &@; (N1 x (—x2 + [g, e1]F Nngt)) = dim(7o ™ (O2)).

Proof of Theorem 6.2.2.6. Consider the affine GIT quotients:
—1/0— _ —1/0—\1 N2
T2~ (Oy)//Na = Spec Clma™ (O )],
N ~ 1 =—\1N:
7721((92 )//Ng:SpecC[WQl(@2 )]

We have a C-algebra map

i (65)]™ — Clr (7)),

which clearly respect the Poisson structures on both sides.
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The semi-direct product decompositions No = N1 x Ny and ]Vg = ]Vl X Ny
imply:

clf ! (6:)]™ = (c[7' (6:)]™) ™,
Clr2™1(03)]" = (Clr2 ™1 (93)]™)

We apply Lemmas 2.3.3.5 and 6.2.2.7, so the algebra map

Cli 1 (07)]™ — Clmy L (07 M.

is an Np-isomorphism. After taking the Np-invariants, we get the desired
isomorphism. O

Corollary 6.2.2.8. The Lie algebra cohomology with coefficients in the na[t]-
module C[Joo%gfl (@2_)} s given by the superalgebra isomorphism

H* (oft], C[Jocfa ™ (67)] ) = bezo ClacS2l,
where the isomorphism is induced by the action map
Ny x Sy —» %271((55), (9,6) — Ad*(g)¢.

Proof. For m a nonnegative integer, consider the m-jets. Because of the decom-

position Ny = Nj x Ny, we can compute H® (ﬁg [t]/ (™, C[Jm%g_l((% )]
using the associated Hochschild-Serre spectral sequence {E,}22,. The 1-st
page is given by

B =10 (W ft]/(#7+), C[Ina ™ (07)] ) @ AP ((molt)/ ("))

The 2-nd page is given by

EDO— (nom /(™) H (ﬁl 1]/ (™), C[Jn72 (O )]))-
The infinity page is
B2 — g B (Rl /(7). C 1,77 (65))),

where the implicit filtration is the one induced by the double complex structure.
The double complex is bounded so the spectral sequence is convergent.
Lemma 6.2.2.7 implies the following isomorphism of n[t]/(t"+!)-modules:

C[In2 1 (O5)] = C[JnNi] @c Cllm(—x2 + [g,e1]t Nng™h)).

The Lie algebra cohomology of C [J mV 1] is the algebraic de Rham cohomology
of J,, N1, and because this groups is unipotent, its cohomology is C in degree 0
and zero otherwise.
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Consider the moment map g : 71" (@1) //N1 — ng* defined by applying
the reduction by stages construction (Lemma 2.1.4.3) to me. Lemma 6.2.2.7
implies the Np-equivariant isomorphism %2_1(@2_ )/ N1 2 119~ 1(0), hence the
first page component EP'? is zero when ¢ # 0 and

BP0 = C[Jnpo 1 (0)] ®c N ((no[t]/(tm+1))*)-

Thanks to Theorem 2.3.3.3, we can use the Ng-isomorphism N x Sy 2 11o~1(0)
and the same argument as previously to say that E5? is zero unless p = ¢ = 0,
so the spectral sequence collapses.

Then we deduce the isomorphism

HO (ﬁg[t] J(#™H), C [T 70 (O )}) > C[J,n S,

and the other cohomology groups are trivial.
Consider the Lie algebra cochain complex

Co = C[Imia (O5)] @c A\° (('ﬁz[t]/ (tm“))*>

for all m > 0. The sequence {C), }m>0 form an inductive sequence and its col-
imit is the Lie algebra cochain complex of the fi[t]-module C[Jo7 " (Oy)]:

Coo 1= C I (65)] 90 A% ().
Because taking the cohomology commutes with inductive colimits, one gets

HO (HQ [t], C [Jooira " (@;)]) > colimynzo C[JmSa] = ClJ o Sa).

Remark 6.2.2.9. We conjecture that the action map
Ny x Sy — 721 (05),  (g,€) — Ad*(g)¢

is an isomorphism. Such isomorphism should be used to apply Theorem 6. In
fact, Corollary 6.2.2.8 is enough.

6.2.3. New construction of the second affine W-algebra

In this section, we prove that the W-algebra 1#/*(g, f2) can be computed
by a BRST cohomology associated to the group ny (Theorem 6.2.3.7).

The Lie algebra ny corresponds to the choice of the isotropic subspace
of Iy in the construction of the affine W-algebra 1% (g, f2) described in Sub-
section 6.1.1. Because of the isomorphism g; 1 = [p L2 /l2, we have

W (g, f2) = HY(C3,d2), where €3 :=1%(g) ®c A(g11) ®c F*(n2 & ny™).
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Geometrically, the complex (C3,d2) corresponds to the moment map

po gt X g —n2",  (§,v) — ma(§) + Xo + ad®(v)Xa,
where the acting group is No. One has the Ns-equivariant isomorphism
11 (0) = o (O5).
The complex (52’,]2) corresponds to the moment map

~ * = % = * s 1 * 3
M2 1 g X 951) — 0", (& v) — m(€) + X2 +ad™(v)x2 + §ad (v)X2,

where the acting group is Ns. One has the ]\Nfg-equivariant isomorphism
fia ' (0) 2 7 (OF).
Denote by (6’2‘,00, 672700) the Poisson vertex BRST complex associated with the

arc space of this moment map.
Proposition 6.2.3.1. The following cohomology vanishes outside degree 0:
H”((%',JQ) =0 for n#0,
and there is a natural isomorphism
g HO(C3,do) 5 HO(C3 o, dooo),

where the filtration F on the cohomology H® (62',(?2) is induced by the Li filtra-
tion on the complex (52',32)

Proof. Consider the Hamiltonian operator ﬁgld = 9 + L{F on the vertex
algebra V¥ (g)@c A (ggl)). It induces a nonnegative grading. The homogeneous
subspaces are all finite dimensional and for any x € ng, the image To(a) is the

sum of terms of degrees less than one. The standard comoment map is given

by:

2s
1 ,
_ 3:+fE W'y, g0 i T € Mg,

z if z€n;.

The induced action of U(Ra[t~1t~!) is free because V*(g) ®c A (gM) is freely
generated by any basis of g and any basis of g(*). Hence Theorem 5.3.4.2 applies
and the cohomology of the complex (52', «Eg) is isomorphic to the cohomology
of the corresponding quotient complex (55’ i Jg7+).

Let [ be a Lagrangian subspace of g1 and [¢ be a Lagrangian complement
such that [ and [¢ are perfectly paired by the symplectic form. Then g1 @ [
and [© @ g1 2 are perfectly paired by the symplectic form wy.
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Denote by {v;}?, a basis of ggl) such that v; = v*~ 1 for all 1 <i < s,

Spanc{vi};l) = 61,0, Spanc{viti_s11 =1
Spanc{vitia, o, =% Spanc{vi}is, 11 = 012

For 1 < i < sg, set a; ::—% and for sg +1 < i < s, set a; == 0.
Choose a basis {2;};cr@,) of n2 which is homogeneous for the Hp-grading

and denote by d(z;) the degree of x;. Consider the Hamiltonian operator
1

~ 1
Fy = H® 4+ §8H2(1) + L™ (ae)o + L7 (ma)g where mq = 55(3:.).

The degrees of the strong generators are
0
A(x):1—§ for xeg?) and 0 €Z,

1)
Ay) =1— 2 for vegis and ¢ €{0,1,2},

6(x;) 6 (i)
2

Ag))=1— and A(¢]) = for i€ I(ny).

The element @2 is homogeneous of degree 1 for c??élew and the quotient com-
plex fég# has an induced grading which is nonnegative.

The moment map fis is smooth because its differential is surjective at any
point. Therefore, we can apply Theorem 5.3.5.1 by replacing the assump-
tion (5) by the vanishing result of Corollary 6.2.2.8, which is enough, and we
are done. O

We want to build an intermediary complex to compare (C3, d2) and (éz' , Jg),
by analogy with Theorem 6.1.2.6. To do so, we need the following lemma.

Lemma 6.2.3.2. The image of V(ny) by the chiral comoment map Y5 is con-
tained in the vertex subalgebra V*(g) ®c A(g11 ® g1,2) of V*(g) ®c ﬂ(ggl)).

Proof. We just need to check it for a strong generator z in ng = ny ®&ng. If
is in ny, it is clear that Ys(z) belongs to V¥(g) ®c A (I11*1). For z in ng, we
need to check that the quadratic term Z?il:wiw[%x]: belongs to A (g1,1 9 91,2)-

According to the proof of Lemma 2.3.1.3, there is a basis {v; ?il of ggl)

such that

Spanc{vi}i% = g0, {vi}i20% =11, Spanc{vi}ifa, 41 =012

and v; = v> 1 for all 1 < < sp. In particular, [; %1 = 91,1 D g1,2 is spanned
o
by {vz}ii1so-

The conditions (%) imply the inclusion [g1,2, mg] C ggl) N ggg = 0, hence
2s ' 2s5—380 '
ZiWww,x]i = Z W'Yy 2 € A(911 D 91,2)-
i=1 i=1
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Remark 6.2.3.3. The last lemma, is coherent with the description of the orbit @2
given in Proposition 6.2.2.3.

By restriction, we have a chiral comoment map
Toimi : V(ng) — V7(g) ®@c A(g11 @ g1,2)-

As a consequence of the previous lemmas, we can define an intermediary BRST
complex, denoted by (Gz.,intv d2.int), where Co jn¢ is the subalgebra of Co defined
by

C3 i = V¥ (g) ®c A(g1,1 ® g1,2) ©c F*(n2 B 12*),
and the operator ds iy is the restriction of the coboundary operator ds to the

subalgebra Cg .
By construction, one has there is a vertex algebra embedding map

1 1 (C3 e, d2,int) — (65,(?2)
and it commutes with the differentials because of Lemma 6.2.3.2.

Lemma 6.2.3.4. The projection maps g1,1®g1.2 — g1,1 and ny* — ny* induce
an surjective map
I & (C3ings d2,int) — (C3,d2)

of cochain complexes and verter superalgebras.
Proof. We use the same notations as in the proof of Lemma 6.2.3.2. The
projection is clearly a vertex algebra map. For z in ng, the quadratic term

25—50

Z :wiw[vi,m]:
=1

in Y (z) is killed by the projection because if 1 < i < sg, then ¥’ belongs to g1 2

and if sp +1 < @ < 25 — sp, then v; € g1,1 and [vi,ng] C ggl) N g(;g) = g12.

Hence the following diagram of vertex algebra homomorphisms commutes:

VF(g) @c A(g1,1 @ 91,2)

m

V*(g) @c A(g1,1).-

V(n2)

It implies that the projection Ils commutes with the differential. O

Let us denote by Oy jnt, :== Ad” (]VQ)Y2 the Ng—orbit in no™ of the restriction
of the linear form ys to ns.
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Lemma 6.2.3.5. The orbit Oy, is described by the formula
21
Oz int = { Z Tl ad*(v)" Xz | v € g0 ® 91,1}-
k=0

Proof. The projection map no* — ng* is Ng—equivariant and the orbit Og jng
is the image of ©,. Using the explicit description of the latter orbit in Corol-
lary 6.2.2.3 and the inclusion ad*(g12)x2 C nyt, the lemma follows. O

The intermediary moment map is defined as

p2,int 8" X (91,0 D g1,1) — n2”,

1
(&,v) —> m2(§) + X + ad™(v)Xo + 3 ad* (v)*Xo,
itisa Ng—equivariant homomorphism because N> is a normal subgroup of Nfg.

Lemma 6.2.3.6. The projection map and the embedding

g x o) — g" x (gro@gi1) and g* x (g11) — 6" X (910 S g1.1)

induce Poisson isomorphisms between the corresponding Hamiltonian reduc-
tions:

pa~ (0)//Na 22 pig i~ (0) [/ Na = fis™(0) // N

Proof. The projection map g* x ggl) — g" X (g1,0 @ g1,1) induces an ng—

equivariant isomorphism fio =1 (0) = ug,int_l (0). It follows from the parametriza-
tion of the intermediary orbit Oy given in Lemma 6.2.3.5. Then the lemma
follows from Theorem 6.2.2.6. ]
Theorem 6.2.3.7. These inclusion and projection maps of cochain complezxes
T 1 (CS s dain) — (C3,d2)  and Ty : (C3, dains) — (C3,d3)
induce vertex algebra tsomorphisms between their cohomologies:
HO(C3, do) =2 HO(CS 1y, doine) = HO(C3, d2),

and they are all isomorphic to W*(g, fa).

Proof. The proof relies on the same arguments as the proof of Theorem 6.1.2.4.
O
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6.2.4. Proof of reduction by stages for W-algebras

Recall the BRST cochain complex (Cp,dp) introduced in Theorem 6.2.1.3.
Geometrically, this complex corresponds to the moment map

Mo - %1_1 (@1)//&1 — 110*, [f] — 7?2(5) + Xo>

where the acting group is Ny, that is defined by Theorem 2.3.3.3. Denote the
Poisson vertex BRST complex associated with the arc space of this moment

map by (Cf ., do,c)-
Proposition 6.2.4.1. The following cohomology vanishes outside degree 0:
H"(Co,do) for n#0,
and there is a natural isomorphism
gr’ HO(Co, do) — HY(C§ o0, do,00),

where the filtration F on the cohomology HY(Cy, do) is induced by the Li filtra-
tion on the complex (Cp,dp).

Proof. We equip #*(g, f1) with the Hamitlonian operator #g'¢ induced by
the operator defined in equation (6.1.3.3). Because of Theorem 6.1.3.4, we
can provide a strong basis {J {i}}fzo of the W-algebra corresponding to an Hi-
homogeneous basis {xi}gzo of g/t. Each element J' is %gld—homogeneous of
degree A(J) =1 — 36(z;), where 0(z;) is the degree of z;. Because §(x;) is
nonpositive, A(J{1) is positive. This implies that each homogeneous compo-
nent of the W-algebra 1% (g, f1) is finite dimensional.

For x in ng, the image Yo(x) is the sum of terms of degrees less than one.
The standard comoment map is given by Yo (x) = J {#} The induced action
of U(ng[t~1t™1) is free because the affine W-algebra is freely generated. Hence,
Theorem 5.3.4.2 holds and the cohomology of the complex (Cg, dy) is isomor-
phic to the cohomology of the corresponding quotient complex (Co +,do +).

Let {=;}icr(ny) be a basis of ng which is homogeneous for the Ha-grading
and denote by 6(x;) the degree of x;. Let Hy := Ho — H; which belongs to the
Lie algebra g¥!. Define the following Hamiltonian operator on the complex Co:

1 1

1d H F

FE = FH + 5(&]{ 0})(1) + L7 (me), where me = 55(3:.).
The degrees of the strong generators are

A(J{x}):l—g for xenoﬂggz) and ¢ € Z,

6(wi) 6(wi)
5 and 5

A(¢2) =1- for i€ I(ﬁo)

Ag;) =
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The element @) is homogeneous of degree 1 and the quotient complex Cp 4
has an induced grading which is nonnegative. Moreover, the moment map is
smooth and we have the isomorphism

No x Sz = pip~"(0)

given by Theorem 2.3.3.3. So we can apply Theorem 5.3.5.1 and the proof is
done. O

Proposition 6.2.4.2 ([Arald, Theorem 4.17]). The filtration induced on the
W-algebra W¥ (g, f1) by the Li filtration on the BRST cochain complex Cy co-
incides with its Li filtration: for all p in Z, FY, W*(g, f1) = HO(F7, C3, &1).

We can now prove our main theorem, that is to the say reduction by stages.

Proof of Theorem 6.2.1.3. Recall the map © : H(Cg, do) — H° (éQ',JQ) which
is defined in (6.2.1.7). This map respects the Hamiltonian gradings defined on
both sides, which are nonnegative. We consider the filtrations on the cohomol-
ogy induced by the Li filtrations on the cochain complexes. These filtrations
are finite on each homogeneous part of the gradings, so the map © will be an
isomorphism if the associated graded map gr © is.
On the left-hand side, using Propositions 6.2.4.1 and 6.2.4.2, there is the

isomorphism

g HY(C5, do) = ClJoo(m0™ ! (—X0)//No))-
On the right-hand side, according to Proposition 6.2.3.1, there is the isomor-
phism

gr’ HO (62', 22) >~ C[Joo (T2 ((52_)//]%)]
Hence, gr© coincides with the Poisson vertex isomorphism induced by the
reduction by stages for Slodowy slices: 7o~ (@;)//ﬁg =~ 1101(0) //No. O

6.3. Future work and applications

To conclude this report, we describe several open problems and research
direction related to our work on reduction by stages.

6.3.1. Reduction by stages in the Kazhdan—Lusztig category

Let ¥ be a vertex algebra, meaning a purely even vertex superalgebra. A
{-module is defined as a vector space M equipped with a C-linear map

VocM — M(2), a®v+—s a(2)v:= Z a%)v z7m 1
nez

satisfying the following axioms:

1. the equality 1M (z) = idjs holds in End(M)[z, z7],
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2. for all a,b in ¥ and m,n in Z, one has

M M — (m M
[a(m)’ b(”)] - Z < i ) (a’(i)b)(m-i-n—i)?

i=0
(a(m)b)%) = Z(—l)i(aé\fnﬂ') © b%+i) - (_1)mbé\g1+nfi) © a%)
i=0

in End(M).

Denote by ¥-Mod the category of -modules.

If ¥ is graded by a Hamiltonian operator #¢, one can defined a graded V-
module as a usual {-module equipped with a semisimple operator #5; such
that the equation

[#r, a™ (2)] = 20.aM (2) + (#Ha)M(2)

holds for any a in ¢. If v in M is an eigenvector; denotes by A(v) the corre-
sponding eigenvalue in C. If a is an eigenvector in ¥, then for any n in Z, one
has
A(a%)v) =A(a)+ A(v) —n—1.
Let g be a finite-dimensional simple Lie algebra. Recall that the universal
affine vertex algebra V*(g) is graded. Denote by KL*(g) the KazhdanLusztig

category that was introduced in [K1.93]. It is defined as the full subcategory
of graded V*(g)-modules M such that

1. the module decomposes as
,
M = Z M (o + ),
i=1 6€Z

where a1, ..., a, are some complex numbers and M («; + 0) denotes the
#ar-eigenspace corresponding to the eigenvalue «; + 9,

2. each subspace M (c; + ) is finite-dimensional.

Let f be a nilpotent element of g and g = ;.4 gs be a good grading
for f defined by the adjoint action of a semisimple element H in h. Let [ be
an isotropic subspace of the symplectic space g1 and set ny = [-% @ g-o.

According to [[KRWO03], quantum Hamiltonian reduction can be performed
for modules. For any ¥*(g)-module M, one can define a BRST complex

C(M)® =M @c A1 /1) @c F*(m @ nf),

that is a module over C; = V¥(g) ®c A(IM*/1) ®c F*(n & n(*), with the
differential defined by M = (Q[)(G(;))(M). We recall the following vanishing
result. Denote

HY (M) := HO(C(M)*, &),
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it is a W*(g, f)-module. If M is a vertex algebra over V*(g), then HS)C(M) is a
vertex algebra over (g, f).

Proposition 6.3.1.1 ([Aral5, Theorem 4.15]). If M belongs to KL*(g), then
forn# 0, one has the vanishing

H"(C(M)*,dM) = 0.

Hence, the functor
HY : KL (g) — " (g, f)-Mod

15 exract.

For i = 1,2, let f; be a nilpotent element and H; be in the Cartan subalge-
bra b such that the Lie algebra grading g = @;.4 0 6) defined by the adjoint
action of H; is a good grading for f;. If Conditions (%) hold, then for any
W*(g, f1)-module M, one can define a BRST cochain complex

Co(M)* =M ®c F*(ng ®np*),

that is a module over Cy = W*(g, f1) ®c F*(ng @ np*), with the differential

defined by ¢}! = (QO)(GS)(M). Denote

H} (M) =H(Co(M)*,4)"),
it is a W*(g, f2)-module by Theorem 6.2.1.3.

Conjecture 6.3.1.2. Let M be in KLF(g). If Conditions (%) hold, there is
an isomorphism of WE (g, fo)-modules:

H} o HY} (M) = HY, (M).

Moreover, if M has a structure of vertex algebra over Uk(g), this is an isomor-
phism of vertex algebra over W¥(g, f2).

Reduction by stages in the Kazhdan—Lusztig category has already been
established in several cases when k is a generic level, that is to say k is not
rational: see [FFFN24, FIXN24]. In this case, the category KL*(g) is semisimple
and one can use a screening operator description of the simple modules to
establish reduction by stages. Because we have a functorial reduction by stages
in the geometric setting (Corollary 2.3.4.1), we want to prove Conjecture 6.3.1.2
by using geometric methods as we did to establish Theorem 4.

Arakawa already used this kind of techniques with success to establish
Proposition 6.3.1.1. We want to adapt his arguments to the reduction by
stages setting. To adapt the proof of Theorem 4 for any module M in KLk(g),
two ingredients are still missing:

1. a natural map HS)CO o H(}l(M) — H?fQ (M),

2. the freeness of the action of U(ne[t~1]t~!) on H(}I(M).
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6.3.2. Structure of affine W-algebras in type A

For the last years, the development of reduction by stages for affine W-
algebras lead several researchers (Creutzig, Fasquel, Genra, the author of this
thesis, Linshaw and Nakatsuka) to conjecture that any affine W-algebra in type
A can be reconstructed by using only hook-type reduction. More precisely, let g
be the simple Lie algebran sl,, and let f be a nilpotent element corresponding to
a partition (ai,...,a,) of n. Denote by f; a nilpotent element in sl,,, associated
with the hook-type partition (a;, 1"~%) of n; :==n —a; — -+ - a;—1.

Conjecture 6.3.2.1 ([CFLN24, Conjecture Al). There is a vertex algebra
isomorphism
H} o+ o HY (V¥(sh,)) =2 WH (sl f).

For any module M in KL*(sl,,), there is an isomorphism of W¥(sl,, f)-modules
H} o---oH} (M) = H}(M).

Let us prove that the geometric analogue of this conjecture holds. We start
with the following lemma.

Lemma 6.3.2.2. Let ay,...,as,a,b be integer such that (ay,...,as,a,1°) is
a partition of n and let fo be a nilpotent element of sl,, corresponding to this
partition. Consider the smaller partition (a1, ..., as, 1a+b) and let f1 be a nilpo-
tent element corresponding to this partition. Set p = a + b and denote by fo a
nilpotent element of sl, corresponding to the hook-type partition (a, 19).

Then there is a unipotent subgroup No of SL, such that:

1. the Slodowy slice Sy, is the Hamiltonian reduction of (sl,)* by No,

2. the group No acts on the Slodowy slice Sy, with some moment map and
the corresponding Hamiltonian action is isomorphic to Sy, .

The analogous statement holds for a SLy-variety X equipped with a moment
map X — (sl,)*.

Proof. Start with the case when s = 0. Then f1, fo correspond respectively to
the partitions (1), (a, 1°) with a 4+ b = n, so it is simply the usual hook-type
Hamiltonian reduction.

For s > 0, set p = a + b. Take the Young diagram corresponding to the
partition (ai,...,as, 1?), choose a bijective labelling of the boxes by the set
{1,2,...,n}.

Let f1 be the nilpotent element constructed as the sum of elementary ma-
trices E; ; such that the box labelled by 7 is on the same line as the box labelled
by j, and the right-hand side of box 7 is the right-hand side of box j.
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Denote by A the subset of {1,2,...,n} that labels the boxes of the Young
diagram corresponding to the subpartition (17). It is clear that

g[p = Span{Em- ’ 1,J € A}

lies in degree 0 for the good grading corresponding to any pyramid built from
this labelled Young diagram and [gl,, f] = 0.

Denote by fo the hook-type nilpotent element of sl, corresponding to the
partition (a,1%). Consider the left-aligned pyramid corresponding to (a, 1°)
and use the labelling by A introduced above. Denote by Ny the unipotent
subgroup of SL,, such that its Lie algebra ng is spanned by the E; ; where i, j
are in A such that the box i is strictly more to the right than the box j. Then
the Slodowy slice Sy, in sl, is the Hamiltonian reduction of (sl,)* by Np.

By Proposition 2.2.6.1, we have an action of SL,, on Sy, (by conjugation)
and a moment map

¢ Sfl — (5[19)*'

So we get an action of Ny on Sy, and an induced moment map as explained in
Section 2.2.4. We claim that the corresponding Hamiltonian reduction of Sy,
is isomorphic to Sy,.

Note that any hook-type Hamiltonian reduction from (sl,)* to Sg,, where
fo is of type (a, 1%), can be decomposed in a sequence of reduction by stages be-
tween “adjacent hook”, meaning reduction between Slodowy slices correspond-
ing to hook-type partitions of the form (7,17) and (i +1,177!) for 1 < i < a.

But reduction by stages is functorial (Corollary 2.3.4.1), so the reduction of
S, by Ny also decomposes as a sequence of reduction by stages corresponding
to partitions of the form (a1, ..., as,4,17) and (a1, ..., as,i+1,1771), 1 <i < a.
By Proposition 3.1.2.2, these reductions applied successively compute a Poisson
variety that is isomorphic to Sy, . O

Theorem 6.3.2.3. Let f be a nilpotent element corresponding to a parti-
tion (ai,...,ar) of n. Denote by f; a nilpotent element in sl,, associated
with the hook-type partition (a;, 1™~%) of n; :==n—ay—---a;—1, for 1 <i<r.
Then there is a sequence of unipotent groups N;, contained in SLy,,, such that

1. the Slodowy slice Sy, is the Hamiltonian reduction of (sl,,)* by Nj,

2. the Slodowy slice Sy is isomorphic, as a Poisson variety, to the variety
resulting by computing iteratively the Hamiltonian reductions of (sl,)*
first by N1, then by Na, ..., and finally by N,.

The analogous statement holds for a SL,-variety X equipped with a moment
map X — (sl,)*.

Proof. The theorem follows from applying inductively Lemma 6.3.2.2. O
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This proof can be adapted to the setting of affine W-algebras up to proving
a functorial version of reduction by stages in the Kazhdan—Lusztig category.
Hence Conjecture 6.3.1.2 implies Conjecture 6.3.2.1.

6.3.3. The Kraft—Procesi rule for affine W-algebras

This conjecture relates to a generalisation of the Kac-Roan—Wakimoto em-
bedding. Let (ay,...,as,ast1,.-.,a,) be a partition of n and let fo be a nilpo-
tent element of sl, corresponding to this partition. Set p := as41+---+a, and
let f; be a nilpotent element corresponding to the partition (ai,...,as, 17)
of n. In general, fi,fa do not satisfy Conditions (). By [KRWO03] (see
Proposition 6.1.4.1), there is a level £ in C such that there is a vertex alge-
bra embedding V¢ (sl,) — #W¥(sl,, f1). Let fo be a nilpotent element of s,
corresponding to the partition (asy1,...,a,) of p.

Conjecture 6.3.3.1. There is a vertex algebra embedding
W(sly, fo) — W (sln, f2).

The analogue of Conjecture 6.3.3.1 for finite W-algebras is known and
plays an important role for their representation theory, see [FF'RZ20]. It follows
from the description of finite W-algebras as truncated shifted Yangians [BK00].
Conjecture 6.3.3.1 can be deduced from Conjecture 6.3.2.1 by applying itera-
tively hook-type Hamiltonian reductions to the Kac-Roan—Wakimoto embed-
ding V! (sl,) = Wk(sl,, f1).

A particular case of this conjecture was established by Allegra in his thesis.
For the proof, he used an explicit description of the involved W-algebras by
generators and relations.

Lemma 6.3.3.2 ([All19, Lemma 4.1]). Let fo be a nilpotent element in sly
corresponding to the partition (2,2) of 4 and fo in sly corresponding to the
partition (3,2,2) of 7. There is a vertex algebra embedding

W_4+4/3(5[47 fO) — W_7+7/3<5[77 f2)

The motivation of Allegra for this result was the following conjecture of
Arakawa, van Ekeren and Moreau. Assume that the complex number k is
admissible, of the form:

n
k=-n+—, q€Zs, g,n coprime.
q

Denote by L% (g) the (unique) graded simple quotient of ¥*(g) and by (g, f)
the (unique) graded simple quotient of 1% (g, f).
Let f5 be a nilpotent element corresponding to a partition of n of the shape

(g™, aso)), where LLEO) is a partition of p :== n—qm, and f be a nilpotent element

(0)

in sl, corresponding to the partition ae .
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Conjecture 6.3.3.3 ([AvEN24, Conjecture 8.11]). There is a vertex algebra
isomorphism:

W—p+p/q(5[pa fo) = W—n+n/q(5[n7 f2).

Allegra proved a particular case of the conjecture as a consequence of
Lemma 6.3.3.2. It is also proved in [AvEMN24] by other techniques, see the
discussion after their Conjecture 8.11.

Proposition 6.3.3.4 ([Al119, Theorem 4.5]). Let fo be a nilpotent element in
sly corresponding to the partition (2,2) of 4 and fo in sly corresponding to the
partition (3,2,2) of 7. There is a vertex algebra isomorphism

W_syas3(sla, fo) = W_717/3(sl7, f2).

Arakawa, van Ekeren and Moreau proved the following cases of the con-
jecture. Let f; be a nilpotent element corresponding to a partition of the
form (¢, 1P).

Proposition 6.3.3.5 ([AvEMN24, Theorem 1.2]). There is a vertex algebra
isomorphism:

°E*p+p/q(5[p) = anJrn/q(s[m fl)

We expect to use reduction by stages to deduce Conjecture 6.3.3.3 from
Proposition 6.3.3.5. Let us explain the strategy.

Recall that k is called a collapsing level for the simple Lie algebra g
and the nilpotent element f if the Kac-Roan—Wakimoto embedding (Proposi-
tion 6.1.4.1)

V(@) < WH(g, /)

induces an isomorphism after taking quotients:

(6.3.3.6) Lr,(g%) = Wi(g, f)-

Proposition 6.3.3.5 give examples of admissible levels that are collapsing.

Now denote by gE 4 the maximal reductive subalgebra of g%. Let fo be a
nilpotent element in g, 4 such that fo := f + fo is nilpotent in g and such that
there is a reduction by stages isomorphism

Wk(ga f2) = HOO (Wk<ga f))

By applying the functor H(}O to the isomorphism (6.3.3.6), we deduce a vertex
algebra isomorphism

WTk(guv fO) = Wk‘(ga f2)7
where 19, (g7, fo) is the graded simple quotient of /™ (gf, fo) == H?O(VT’C (a%)).
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Remark 6.3.3.7. There is some subtlety in this strategy. It is conjectured,
but not proved in general, that the simple quotient of quantum Hamiltonian
reduction is the quantum Hamiltonian reduction of the quotient:

Wk(ﬂ, f) = H[}("Ck‘(g)) and W’rk (gh, fO) = HOO (£Tk (gh)),

where £, (g%) is the graded simple quotient of ¥ (g%). However, in the setting
of Conjecture 6.3.3.3 and Proposition 6.3.3.5, this is true [AvE23, Theorem 7.8].

Conjecture 6.3.3.3 and Proposition 6.3.3.5 are motivated by the following
geometric results. As mentioned in Section 1.2.3, to any vertex algebra 1/ one
can associate a Poisson variety Xy, called the associated variety of ¥ [Aral2].
In [Aral5], the following associated varieties are computed

Denote by Oiq denotes the closure of the nilpotent coadjoint orbit corre-
sponding to the partition (qd, 1¢), where n = dq + e is the euclidean division
of n by q. The associated variety of W_,,, /,(sln, f1) and W_, ., /4 (sl,, f2) are
given by the nilpotent Slodowy slices Oy N Sy, and O, N Sy, respectively. The
associated variety of L., /,(sl,) is given by 0751, the closure of the nilpotent
orbit corresponding to the partition (qd/, 16,), where s = d'q+¢’ is the euclidean
division of s by ¢q. The associated variety of _, (s, fo) is the nilpotent
Slodowy slice O} N Sy, .

In their work to classify singularities of nilpotent orbit closures in type A,
Kraft and Procesi established smooth equivalences between some nilpotent
Slodowy slices [KP81]. By [KP81, Proposition 3.1], O, N Sy, is smoothly
equivalent to q, and Oiq N Sy, is smoothly equivalent to 07{1 NSy, Actually,
these nilpotent Slodowy slices are isomorphic quiver varieties [Maf05, Henl5].
Note that the isomorphism Og N Sy, = Of implies O, N Sy, = O N Sy, by
applying Theorem 6.3.2.3. This gives an evidence to support our strategy to
prove Conjecture 6.3.3.3.

In other classical types, Kraft and Procesi have also provided equivalences
of singularities between nilpotent Slodowy slices [[XP82]. In exceptional types,
some smooth equivalences have been proved by Fu, Juteau, Levy and Som-
mers [FJLS17]. According to these works, analogues of Conjecture 6.3.3.3 and
Proposition 6.3.3.5 have been stated in [AvIEN 24| for the other types. We ex-
pect that reduction by stages could also be used in other types, since we have
examples. But it seems that Conditions (%) do not provide enough examples
in other types for this purpose, so they must be relaxed. It is expected that
reduction by stages happens for any pair of nilpotent orbits O, O5 in a simple
Lie algebra g satisfying the inclusion O; € Og and we hope to prove such a
result in the future.
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